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Running of the heavy quark production current and 2/|k| potential in QCD
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The 1/k| contribution to the heavy quark potential is first generated at one loop order in QCD. We compute
the two loop anomalous dimension for this potential, and find that the renormalization group running is
significant. The next-to-leading-log coefficient for the heavy quark production current near threshold is deter-
mined. The velocity renormalization group result reproducew@mz(as) “nonrenormalization group loga-
rithms” of Kniehl and Penin.
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[. INTRODUCTION scalg. Two approaches have been proposed for dealing with
the presence of two scales, one stage and two stage running.
For systems involving a heavy-quark—antiquark pair neatVith two stage running, one matches QCD onto an effective
threshold it is useful to combine the QCD coupling constantheory at the scalex=m and then runs to the scale
expansion with an expansion in powers of the relative veloc=mv. At w=mv one matches onto an effective theory
ity v. This expansion is facilitated by using nonrelativistic called potential NRQCOpNRQCD) [8,15 which has com-
QCD (NRQCD) formulated as an effective field theory with posite qq fields, and then considers the running to

an explicit power counting irv [1-14]. For the potential =mv2. In VYNRQCD [14], the running occurs in a single
between a heavy quark and antiquark this double expansiastage using a velocity renormalization group. The velocity
takes the form renormalization group takes into account that the scates

and mv? are tied together by the heavy quark equation of

- - . motion for all u<m. We use dimensional regularization and
V(p,p')= 2 v, V(H)ZE v, . O e i
o = the modified minimal subtractiorMS) scheme with both the
_ , ultrasoft scalgu,~muv? and the soft scalg.s~muv given in
where VW~p" V(D ~yngl, (1)  terms of a single subtraction point velocityu,=mv? and

(2K) i ms=mv. The renormalization group equations are written
The even term&/'% are first generated at tree lev@rder  ¢o the variabler. It is an interesting question as to whether

o), and the odd termg(** ) are first generated at one 100p poth the one and two stage methods of running will sum the

2 . .
(orderqs). S ~ full set of agIn(v) terms. In this paper only the single stage
Matrix elements for nonrelativistic QCD systems typi- rynning will be considered.
cally depend on logarithms of the velocity For smallv it The running of the Coulomb potential at one and two

is convenient to sum large logarithms of the form
ag(mv)In(v) and ag(mv?)In(v) by using renormalization
group equations in the effective theory. This reorganizes th
series inj in Eq. (1) so that

loops, V(=21 andV(~22), is determined by the running cou-
ling constantag(ux) [16].' The summation of the leading
ogarithms for the the® potential was carried out in Refs.
[18,19. In this paper we extend this analysis to thékL/
~ potential by calculating its two loop anomalous dimension.
V(”)=E v, If mv2>AQCD, thev expansion can be applied to non-
. relativistic QCD systems in a perturbative manner. This is
- _ the case fortt production near threshold whergw?
where V"D ~v a(m) X [a(min@)]*. (2  ~4GeV, and is the situation that will be analyzed in this
k=0 paper. Of particular interest is the Coulombic regime where
The simplest example of such a summation is the use of a~ as. In this regime the expansion in E(.) has the form
running coupling constantys(w), instead of the coupling at
the matching scalerg(m). For w<m the running coupling ~ V=[V("2V]+[V(~22]4+[V(-239 4+ V(-1 4GOI ...
includes a series af¢(m)In(u/m) terms. However, it should
be emphasized that the complete set of renormalization
group logarithms are not determined by the simple replace- ~
mentag(m)— ag(u).
A complication in summing the logarithms is the presence , )
of two low energy scales: the typical momenta of the heawyf the @sIn(v) dependence is treated perturbatively these
quark~mv (soft scalg, and typical energy- mo? (ultrasoft terms are referred to as the leading orde®), next-to-
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leading order (NLO), and next-to-next-to-leading order /(-2 js well known, and the running o¥(~22 was com-
(NNLO) potentials. Note that since the|R) potential first
occurs at one loop, it only contributes at NNLO. When the

sefrles ('jn asinu lar%_sur?melt_j, the termls '3. Eq3|) W;\lllLbLe the potential, we arrive at a complete NLL expressioncfor
referred to as leading-log L), next-to-leading logNLL) ¢ running of the nonrelativistic scalar current is also
and next-to-next-to-leading logNNLL ), respectively. In the Ibriefly discussed

Coulomb regime, the Coulomb potential must be kept to al In Sec. Il the effective theory is reviewed. We explain

orders. Each additional Coulomb insertion givesrglv® reparametrization invariance fixes the value of the low-
plus a factor ofv (from the potential loop so each new ot order coupling of an ultrasoft gluon to the Coulomb po-
Coulomb interaction costs a factor af/v~1. tential. The details of the computation of the two loop
To study the threshold production tf, a nonrelativistic  anomalous dimension for the|&| potential are given in Sec.
expansion must also be made for the electromagnetic prati, and in the Appendixes. In Sec. Ill we give a derivation of
duction currert the anomalous dimension using on-shell potentials, while in
Appendix B we repeat the derivation in the presence of off-
shell potentials. Readers not interested in the technical de-
tails can skip to Sec. IV, where our results are discussed. In
Sec. IV we expand our renormalization group improved re-
4) sults in powers ofxg to compare to finite order calculations
in the literature. For the color singlet|&f potential the first
asIn(v) term in the series was computed in REE5], and
The fieldsy* and x* create nonrelativistic top quarks and our result for this term agrees with theirs. In R§22],
antiquarks, respectively. The term contributes at order’,  Kniehl and Penin computed the? In(ay) terms in the wave
and thec, andc; terms contribute at order®. The current  function at the origin which they refer to as “nonrenormal-
on the left-hand side of Eq4) is conserved, and has no jzation group logarithms,” since they do not involve factors
anomalous dimension in QCD. However, the nonrelativisticof the 8 function for os. We show that the second term in
current operators on the right-hand side are scale dependefile series generated by our NLL production current agrees
in the effective theory, and the coefficiergstherefore de-  with the result in Ref[22]. Thus, the solution of the renor-
pend on logarithms of.. The coefficientsc; each have an  malization group equations in the velocity renormalization
expansion inas. The matching a.~m is known to order  group method does include these logarithms. Finally, we dis-
a2 for ¢; [20,21], and to ordera, for ¢, andcs [7], so the  cuss our result for the NLL fiX| potential and production
production current is known to NNLO with partial >NO current.
results. At LL order, one needs the tree-level matching
=1 atu=m, and thev? coefficientsc, andc, can be set to

puted in Refs[18,19. The two loop running of/(-12 is
computed in this paper. Using the running of these terms in

— . . C .
_ t 2 t
t)"t—zp: Cl(l//pU'ti)_W(%P'U’p')(ip)

C3 :
- (e

zero. There is no one loop anomalous dimension for the op- IIl. THE VNRQCD LAGRANGIAN
erator o'~ ,, so the LL result is that, =1 at all ». . _
At NLL order, we need the one loop matching for at The VNRQCD effective Lagrangian has the fof ]

p=m, and the two loop running faz; . The coefficients; 3
first enter at NNLL, at which order one would also need the
three-loop anomalous dimension foy. At two loops, the
anomalous dimension far; was computed at the matching
scaleu=m [20,2]]

L= Lo+ Lot Ls. 6)

The ultrasoft LagrangiarC, involves the fieldsy, which
annihilate a quarky, which annihilate an antiquark, amd*
which annihilate and create ultrasoft gluons. The potential

P 1 1 LagrangianZ,, contains operators with four or more quark
Mm——Cq(p) =—CF(—CF+—CA) a?(m), (5 fields including the quark-antiquark potential. Finally, the
I 3 2 soft Lagrangianl contains all terms that involve soft par-

pu=m
ticles which have energy and momenta of ordar. The

by studying the two loop matching condition fof. For u  terms we need in the ultrasoft Lagrangian include
<m the anomalous dimension no longer has the simple form

Eq. (5), but depends on the running of the quark potential. . (p—iD)?> p*

This anomalous dimension was computed in R&], and Ly=— ZF’“’F,“,JFE lﬂg('DO— “om W} p
depends on the running valugy(~29]2 V(=2Dx (0D P

and V(~12 [see Eq.(42) below]. It is interesting that the > XT{iDO— (p—iD)? p_4} @
structure of this result implies that determining the RHS of 5 P 2m 8m?| Xp

Eq. (5) for u<m requires the LL values o¥/(~2% and
V@D, put the NLL value ofV(~?, The one loop running of The covariant derivative i*= g*+ igugAL=(D°,—D),
so that D°=%+igu5A®, D=V —iguiA, and involves
only the ultrasoft gluon fields. The ultrasoft scale parameter
2We will ignore effects associated with the top quark width. wy=mv?, wherev~v is the subtraction velocity. This
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FIG. 1. QCD diagrams for tree level matching.

scaling foruy is required for a consistent power counting in
d dimensiong[23]. The covariant derivative oy, a and x,
contain the color matrice$* and T for the 3 and 3 repre-
sentations, respectively.

The Lagrangianl, includes both the traditional quark

potential and ultrasoft corrections to this potential which we

will denote by L, :

E Vapr-P.P VS lﬂp a¢pBX paX—pr T Lpu
p.p’

®)

The terms we need i, are fixed by reparametrization
invariance[24] and will be described below. The on-shell
potentialV(p,p’) .., has an expansion ias andv, anda,

B, \, 7 denote color and spin indices. We will use the color
basis in which the potentiay is written as a linear combi-
nation of 1® 1 andT®T The tree level diagrams in Fig. 1
generate terms aP(v?*a,) in the QCD potential. The order

~2 Coulomb potential is

()

( p
kZ

+(1®1) —5,

(2= (TAaT) ”

9

where the coefficienty (") have an expansion ing. The
orderv? potential includes

_ [ve" vy M(p2ep?) YO
VO =(TAeTH r (rizkzp + &
p ™
+—A(p IO)+— (k)}
V(l) V(l)
+(1891)| —5 + rrjz 2|, (10)
wherek=p’—p and
o1t 0o, S-(p'Xp)
= , AP p)=—i
2 k
3k'0’1k'0’2
TK=01 0= —— 75— (11)
Matching the two diagrams in Fig. 1 to the 2 and v°

potentials atw=m gives

PHYSICAL REVIEW D63 054004
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FIG. 2. Matching for the operator attaching an ultrasoft gluon to
a potential interaction.

VD=4maym), VV=4mray m),

drag(m) 1

(T)— S _
Vg 3 + N, mag(m),
oM

(NZ—
V(l)_ 2N2 Was(m)!
viP=0, vi"=0, vi{'=o. (12)

The LL values for the coefficients of the(=2) and Vv(©
potentials will be needed below and are summarized in Ap-
pendix A. They are obtained by using the tree-level matching
values in Eq(12) and running using the one loop anomalous
dimensions computed in Ref19].

The order 1 potential includes

vi-h= |[v<T (TheTH+VP(1e1)]. (13

m|k

Tree level matching give¥(~ =0, andv(~%) has zero one
loop anomalous dimensidi9], soV("=0 at LL order as
well. At one loop in QCD, order 1/ potentials of the form in
Eq. (13) are generated. The one loop matching of the on-
shell potential aju=m gives[23]

v

The color group theory factors ar@z=(N2—1)/(2N,),
Ca=N¢, C;=(N2—1)/(4N?), andC4=N.—4/N,. For the
color singlet channel Eq14) agrees with Refd.25,26. In
the language of the threshold expandfitfl] the value of the
coefficients in Eqs(12) and (14) are from integrating out
off-shell potential gluons at the hard scake-m where v
=1 [23]. In the next section we will compute the two loop
anomalous dimension fov("Y), and determine the NLL
value of the coefficients in Eq13).

In addition we need ultrasoft corrections to the potential
which are contained inC,,. Reparametrization invariance

7Ca Cy

8 8

V&”=a§<m>( V=a <m>C—. (14)
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[24] restricts the form of some of these terms by requiring that only the linear combinatio® can appear. Here the

covariant derivative acts on a quark or antiquark field with lghdlhe reparametrization invariant form of the T Coulomb
potential operator is

o Tlix ™l 1 T A
-

(p'—p)? 2

) X-p| (15

— 1
[Xip/TAXfp]dl_ E[w;’TAwp] Xip’

" (p'—p+iD)? (—p'+p+iD)?
whereD=D+D. Terms in they expansion are then generated by expanding(Es).with D<p’ —p. As written the ordering
of color generators in Eq15) is ambiguous. The correct ordering in the expansion is to write factobstofthe right of the

TA, and factors oD to the left of theT”. Expanding Eq(15) and keeping only the terms that we will need gives

_ZiVE:T)fABC

_ ik-V V2 (k-V)?
L= & ik (A L TAgox Tox o+ VD udy),

A t TA
T‘W”T}T Yo X-p T X

—ik-V V2  (k-V)?
Sua TX . (16)

t t
+V§:T)M§Ewp'TA¢PX—p' k3 - 2k4+2 kE

whereV =V +V. The first term couples an ultrasoft gluon to a four quark operator. The terms in the second and third lines in
Eq. (16) contain order I/ andv® terms from the multipole expansion of the Coulomb potential. The first term could also have
been determined from the on-shell matching calculation shown in Fig. 2. However, by determining the termd ) &sing
reparametrization invariance rather than matching we know that the coefficients remain eé¢ual &i orders in perturbation
theory. This saves us from the extra work that would be involved in computing the anomalous dimensions for these terms in
Loy

pThe terms in the soft Lagrangian include

- ~ € 1 14 (o8 1 14 o
£s:§ {|qMAg_qvAg|2+‘qu‘Pq"'quch}_gzMé 2 (E ‘/’;/[Agr YAq]Uqu)l//pJ’_ E'p;/{Ag/ !Aq}W(,uv)le/p
p.p'a.q’

+ 0, [Cqr CqlY it (], TBZL ) (0 v*TBpg) | + (th— x, T—T). (17)

The fieldsAj andc, are the soft gluon and ghost fields, and with only soft gluons and quarks generate the running of the
@q is @ massless soft quark field with flavor components.  coefficient functions in the soft Lagrangiaim Ref. [19].

U, W, Y, andZ are functions of p,p’,q,q’) and matrices in However, the graph in Eq18) has only one heavy quark, so
spin and the indexs denotes the relative order in the @ distinction between soft and ultrasoft gluons is unnecessary
expansion. For Feynman gauge and the gafsep’? these  at this point. Noting that the soft vertices will always occur
functions were derived in Ref$14,19. Beyond one loop In pairs, it is in fact consistent to only dress pairs of the soft
terms proportional tof?—p’?) will be needed inCs, since  vertices by ultrasoft gluons:

besides its soft energy’~mo the A, gluons can carry away

a residual energy of ordenv?. The LL values for the func-

&, )
tionsU, W, Y, andZ can be found in Appendix A of Ref.
[23]. In addition, some NLL contributions tds will be O Q

needed and will be discussed in Sec. Il A. These additional [
contributions are obtained from one loop matching with two-
loop renormalization group improvement.
As an aside, note that it is not necessary to consider the
ultrasoft renormalization of the vertices given in the soft La-
grangian in Eq(17). One might think that diagrams such as

(19

3In Ref.[19] the running of£ was calculated by examining loops

& &7 with soft gluons that contribute to the Compton scattering process
F%H: (18) prior to integrating out the soft quarks. There it was noted that all
ultraviolet divergent diagrams are in one-to-one correspondence

with graphs in heavy quark effective theoffQET), so that the
would affect the running of the coefficients in the soft La- running of this Lagrangian could be obtained from the known run-
grangian. Diagrams analogous to the one in B@), but  ning in HQET[27].
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c 0

Ve VO

FIG. 3. Orderaglu graphs containing soft
gluons, ghosts, or massless quarks which are all

o 0 denoted by a zigzag line. Ita) the dot denotes
@ (b) the Coulomb potential, while irib) the dot de-
notes the ordev® potential. The boxes denote
soft vertices with insertions of the functiobE?,
W Y@ or ZO In (a) the indiceso+ o’
=2.In(c), (d), and(e) the ® vertex is obtained
from the one loop matching in Fig. 4.

© Gy ®©

Since these diagrams involve two heavy quarks, both types The two loop graphs in Figs.(& and 3b) involve an

of gluons can occur. Since in the end it is only graphs sucliteration of a potential and a soft loop. The vertices in these
as Eq.(19) with two soft vertices that are relevant for con- graphs are of LL ordeftree level matching with one loop
structing the theory, it is consistent to include the ultrasoftrunning and are given in Refl23]. In Figs. 3a) and 3b)
renormalization of soft vertices as a contribution to the four-counting powers of from the propagators and from the loop
quark operator in Eq(19), rather than treating the subgraph measures gives @, so the sum of powers of for the three

as a contribution to the soft vertex, as in Etf). Along with  mputatedl vertices must give an overalldd. Theuv scal-

the diagrams in Eq(19) there are graphs in which the ultra- j,. for the two soft vertices is+ o’ — 2. In Fig. 3 we show
soft gluon is exchanged between the two heavy quarks. possibilities:(a) has oneV(~2) insertion and two soft

vertices from Eq(17) such thato’ + o =2, and(b) has one
insertion of aV(®) potential from Eq(10) and two soft ver-
tices such that’ = o=0. We could also have ¥~ po-

To calculate the NLL anomalous dimension for thek[l/  tential plus two soft vertices wheke+ o’ =1; however this
potentials we need to consider graphs in the effective theorgliagram is identically zero. The graphs where the potential
of ordef ag/v. These diagrams come in two classes, thosend soft loop are exchanged simply give a factor of 2.
with soft gluons, and those with a single ultrasoft gluon. The The one loop graphs in Figs(c3, 3(d), and 3e) involve
total anomalous dimension for the|k) potential is y(*"  additional vertices inCs, denoted®, which are of NLL or-
=vd/dvV M. Sinceps=mp and uy=mr?, ¥V can be der (from one loop matching with two loop runnipngThe
written as the sum of a soft and ultrasoft anomalous dimenene loop matching calculation for these vertices is sketched

lll. TWO LOOP ANOMALOUS DIMENSION FOR Vv~V

sion in Fig. 4. There are a large number of diagrams in the full
theory(graphs on the left-hand sigeso only a few represen-
yID =D 1 2, (A1) (200 tative examples have been shown. To obtain the values for
the operators on the right hand side we subtract purely soft
where &0 = usdldpusVED and YD = uydldug VD effective theory diagrams from those in the full theory. To

In the remainder of this section we discuss the computatio§€€ how these operators arise, it is useful to recall that in the
of these two loop anomalous dimensions in detail. The calthreshold expansiofi7,11] soft heavy quarks have a propa-
culation is split into two parts, graphs with soft vertices and9ator

graphs with ultrasoft vertices. Graphs with soft gluons only

contribute toyg, while those with an ultrasoft gluon contrib- 1 1 .

ute to bothys and y . Gotic P%— i8(o), (21)

A. Soft contributions

The ordera3/v diagrams containing soft gluons that con- whereP stands for the principal value. In our approach, off-
tribute to the anomalous dimension are shown in Fig. 3. Th@hell potential gluons and soft quarks are integrated out at
sum of diagrams forms a gauge invariant set. the scalem when constructing the effective theory. When

integrating out the soft heavy quarks the principal value term
in Eq. (21) goes directly into a coefficient in the soft La-
“This is the size(in v) of the amputated diagrams, so in contrast 3Fangian since this term is consistent with the scaling in the
to the general power counting formula in RéL4] we are not  SOft regime, go~mv. For instance, in Eq.(17), U
including the powers of generated by external lines. =1/gy. The delta function contribution in Eq21) is asso-
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FIG. 4. Contributions to the soft Lagrangian from one loop matching. In the full theory diagrams on the left the thick lines are massive
quarks, while the thin lines are massless quarks. The matchifay @ives a, corrections to the functiong®, wW®, Y andz® in Eq.
(17). The matching in(b) induces new operators that involve the scattering of soft gluons, ghosts, or light quarks off of a four fermion
potential.

ciated with the potential regime singg~0. When the delta the first term contributes to the anomalous dimension in Eq.
function appears in a loop in the full theofgr threshold (22). The 1k, — 1/eg term can be ignored since it simply
expansioh it forces gluons in the loop to have zero energy,takes the corresponding ultrasoft UV divergence up to the
or in other words to become potential gluons. It is thesehard scalem.® Thus, to computeys, all divergences from
contributions which do not appear in the soft effective theorysoft loops should be treated as UV divergences. The terms
diagrams and must be made up by the operators shown awot proportional toB, in Eq. (22) can be inferred from the
the right-hand side of Fig. 4. result of the ultrasoft calculation in E€30) of the next sec-
The total contribution to the anomalous dimensions fromtion.
the soft diagrams in Fig. 3 is Despite the fact that Eq22) can be inferred without a
direct calculation it is worthwhile to examine the diagrams in
Fig. 3. Consider the graphs in FiggaBand 3b) in Feynman
gauge. The subloop with soft gluons is divergent, while the
remaining potential loop is convergent. There is also a set of
one loop diagramgnot shown where the soft subloop is
replaced by the one loop counterterms Yoderived in Ref.
[19]. We find that these counterterm graphs exactly cancel
against a set of divergences in Figsa)3and 3b). For Fig.
3(b) there is an exact cancellation, and so there is no operator
mixing betweenV(® and V(~%). However, there are diver-
gences that appear in Fig(aB that have no corresponding
counterterm graphs. Consider the soft gluon déise ghost
and soft quark cases are simjlaAfter performing thek®
integration the loop integral for Fig.(8 is

Bo(7CA—Cy)
Vs =g ad(mv

8CA(CA+Cy)

) o ad(my),

1) _ ﬁOCl 3 + 16CACl

Ty mv) ag(mv), (22

where 8y=11C/3—4Tgn¢/3, n; is the number of massless
soft quarks, and/;(v)=4mas(mv) was used. In Eq(22)
the terms proportional t@, can be inferred from Eq.14).
They simply turn theag(m)’s in the matching result into
runninga's. At one and two loops terms proportional to the
B-function for o completely determine the soft anomalous
dimension for the Coulomb potential. However, thgk(fLpo-
tentials have additional contributions because the soft dia-
grams in Figs. &), 3(d), and 3e) have infrared divergences. U@ ae”)
The IR divergences from purely soft diagrams are not true IR « { f dd wy

divergences in the effective theory. For instance, in general t7[(t9%—(t+q-p")?]|’
they do not match up with IR divergences in QCD. The true

IR divergences are from momertanv?, and the desired \herep andp’ are the momenta of the incoming and out-

ultraviolet divergences are from momertmn. Instead, the going quarksE=p?/m and in Eq.(24) theU’s depend o,
soft IR divergences are from momestenw, and match up

with ultrasoft UV divergences that are from momentav
to carry these UV divergences up to the hard scale. Writing 5
the soft IR divergence

1
d-1
J A E=@m)(p—q)?

(24)

This result, that there are no true IR divergences in the soft re-
gime has not been proven to all orders in perturbation theory. How-
ever, its is likely that all IR divergences can be attributed to ultra-
1 1 1 1 soft and collinear gluons in the spirit of the Coleman-Norton
= _<__ _)' (23 theorem([28], plus IR divergences associated with the Coulomb
regime that are reproduced by iterations of the potential.
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t, p’, andt®. For the divergences of interest performing the w2l () (4
integral (the soft loop in d=4— 2 dimensions gives a fac- Figs. 3c,d, e=i K| e §C1Tan(l® 1)
tor of
1 _
+ CATan—gchan)(TA®TA)
(p12_q2)2 ) (25)
207 _ A+ 2e T 37 7 65
m(p’—q)" e + §CAC1(1®1)—(ZCACd+ 1—2C,§)
where the ellipsis denotes ordef terms. The remaining X (TAQTA) | . 27)
loop integration is finite. For the one loop graph that corre-

sponds to the soft sub-loop, the loop momemta Eq. (25  Only the terms proportional to; in Eq. (27) have been

is replaced byp’, and this diagram vanishes on-shell by checked by direct calculation. Also, in EQR7) we have

energy conservation so no counterterm is generated. Peassumed that the operators simply run with the strong

forming the final integration and including the factor of 2 coupling constante(mv). To motivate this, recall that a

from the left-right symmetric graph gives theory of propagating soft quarks and gluons has the same
singularity structure as heavy quark effective theory
(HQET). The operators that are generated in Fig. 4 corre-

Bope L spond to diagrams in HQET with insertions Bf/(m) or a
Fig. 3(a)=iV(cT)(Ms)a§(Ms) S (TATBo TATE) p-A/m vertex. Since these operators do not run in HQET the
32m|k| operators that are constructed in Fig. 4 should also simply
1 ,U«é run with the strong coupling constant.
X|=+2In 75|+ (26)
€ K| B. Ultrasoft contributions

Next consider the ordetﬁ/v diagrams with ultrasoft glu-
The divergence in E¢26) contributes to the anomalous ons. At one loop we have a single insertion of e )
dimension forV,. This seems slightly unusual because itpotential dressed by an ultrasoft gluon wg\’ couplings.
was generated by a subdivergence, whereas usually only tféiese diagrams are obviously zero in Coulomb gauge and in
overall divergence in a diagram is relevant. In this diagramFeynman gauge it was shown in R¢L4] that, with any
the loop integral with soft gluons generates a fidle, and ~ potential, the sum of this set of one loop diagrams is also
the remaining potential loop integral generates thk| fac-  identically zero. At two loops in an arbitrary gauge there are
tor. The corresponding diagrams in QCD include graphgnany possible contributions. There are diagrams with two
such as the vacuum polarization of one of the gluons in th&/("?) vertices, and an ultrasoft tadpole generated by the
box diagram. In this full theory graph the subdivergence duseagullA? operator attached to one of the quark lines. These
to the vacuum polarization insertion would be canceled by graphs do not have logarithmic divergences and therefore do
counterterm. However, in the effective theory this diver-not contribute to the anomalous dimension. There are also
gence is instead absorbed into the coefficients of terms in théiagrams that are zero because they are odd in an ultrasoft
quark potential because the potential gluon components haveomenta which we can omit. Next consider the topologies
been integrated out. Since matching the full theory box diashown in Fig. 5. Several classes of diagrams are generated
gram gives a contribution to the |k] potential, it is not depending on the vertices uséd) vertex 1 and 2 ary/(=2),
surprising that gluon vacuum polarization in the box graphand the ultrasoft gluon couples with A/m; (2) vertex 1 and
contributes to the anomalous dimension of this potential. Ar2 areV(~?), the ultrasoft gluon couples withA°, and there
alternative to the approach used to derive &) is to use are two insertions gb- V/m on quark lines{3) vertex 1 and
off-shell matching and running. In this case the soft anoma2 areV(~?), the ultrasoft gluon couples withA°, and there
lous dimension analysis will be differefgince, for instance, is one insertion oW?/m on a quark line{4) vertex 1 and 2
the off-shell potential is gauge dependeffthis approach is areV(~2), the ultrasoft gluon couples withA°, and there is
discussed in Appendix B, where it is shown that the finalone insertion ofp*/m® on a quark line(together with the
answer for physical observables is unchanged. expansion of factors of the energy that appear in lower order
The diagrams in Figs.(8), 3(d), and 3e) are tedious to  diagrams which should be viewed as corrections to the ef-
evaluate due to the large number of diagrams necessary f@sctive theory states, see Reff,23)); (5) vertex 1 isV(~2),
the matching calculation in Fig. 4Since the graphs in Figs. vertex 2 isvV(® and the ultrasoft gluon couples witA%; (6)
3(c), 3(d), and 3e) are one-loop diagrams there is no cancel-vertex 1 is the order #/potential from the multipole expan-
lation from counterterms. In Feynman gauge sion of the Coulomb potential given in E(L6), vertex 2 is
V(=2 and the ultrasoft gluon couples withA° vertices;(7)
vertex 1 is the ordev® potential in Eq.(16), vertex 2 is
8in fact once a contribution te has been identified it is simpler V{2, there is one insertion qi- V/m on a quark line, and
to directly evaluate the two-loop diagram obtained by combiningthe ultrasoft gluon couples witgA® vertices;(8) vertex 1
the steps in Fig. 4 and Fig. 3. and 2 are° potentials from Eq(16), and the ultrasoft gluon
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(@) g, (D) oy, (€) SO, @) sSTTIgy,
ﬁ % § 2 66@@ 2 s 2, P
1 2 : 1 j 2 3\ j 1 i : 2 i j 1 i : 2 \i
f h
(e) o U] @ (h)
p -4 PO
1 2 1 2 1 2 1 > 2

FIG. 5. Orderai/v two loop graphs with an ultrasoft gluon and two potential insertions. The topologies shown give several different
classes of diagrams depending on the vertices used as explained in the text. The diagrams obtained by flipping the graphs left-to-right and
up-to-down are to be understood.

couples withgA® vertices. Insertions of operators wilfis by the two one loop counterterm graphs that correspond to
only need to be considered on quark propagators where theither making the loop integral on the right large or making
multipole expansion was used; together with the graphs inhe loop integral on the left large. Note that fogsd relativ-
caseg6), (7), and(8) they build up the subleading terms in jstic theory ind= 6 [30], the subdivergences for this diagram
the multipole expansion. are also canceled in this way, but leave an overall diver-
The graphs in casefl), (2), and (5) do not give any gence. For the nonrelativistic effective theory diagram this
contribution to the two loop anomalous dimension. The reagyerall divergence is not present.
son is that all ultraviolet divergences are exactly canceled by oy the graphs in casd), the sum of insertions on quark
one loop counterterm grapliese counterterms are gener- jinqs inside the loop shared by the ultrasoft gluon are finite.

ated by one loop graphs having one potential insertionI'he graphs with insertions on quark lines outside this loop
dressed by an ultrasoft gluon, and in Feynman gauge werg

calculated in Refd.14,19). The graphs with the topology in re ultraV|0Iet. divergent, but are exactly cgngeled by the
; . - 27, counterterm diagrams that correspond to shrinking the ultra-
Figs. 5c) and gd) are ultraviolet finite. For the remaining

diagrams we can identify the corresponding counterterrr‘f'Oft loop to a point. Therefore, the graphs in cégealso do

: o o t contribute to the anomalous dimension.
graph by simply shrinking the smallest loop containing the© .
ultrasoft gluon to a point. The only subtlety occurs in Fig. In a general gauge the graphs in ca®s(6), (7), and(8)

5(h) which has overlapping potential and ultrasoft loop inte-will _c_ontrlbute to th_e anomalous _d|menS|0n._Th_ere are also
grals. For heavy scalars this graph was analyzed in[R6F. addmonal_ graphs with the vertex in E(L5) wh|ch.|nvolves
with the threshold expansion, while in an effective theory forthe coupling of an ultrasofd’ gluon to a potential vertex.
heavy fermions this diagram was analyzed in R&f] for ~ Together this set of graphs gives a gauge invariant contribu-
the case where the ultrasoft gluon is massive and coupld®n to the anomalous dimension, so we can simplify their
with derivatives at the vertices. Since the nature of the overcomputation by choosing the most convenient gauge. We
lapping integrals does not depend on the structure of thavill choose Coulomb gauge since the graphs in ca8gs
numerator or on having a massive gluon, this analysis wil(6), (7), and(8) involve ultrasoftA® gluons and vanish in this
not be repeated here. In the effective theory this diagrangauge. The result for the infinite part of the the remaining
comes with the appropriate factor of 2, so that it is canceledliagrams in Coulomb gauge is

£ » 2 (T2 ~
— Zas(:uU):uS [Vc ] [CACI 11— lCA(CA + Cd)TA ® TA:I 1 (28b)
8rm|k|e 4

_ i les(/-LU)/ig'e [VC(T)]2 CaCy 181 (280
- 8mm ke 3 ’

&S

. 2 (T2 r
Xf“”?xy _ i o () e (VD] ECACH 191 - I156',,((3',; +C)T*® TA] . (280

8rmlk|e
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Equations(28b) and (28¢) include the factor of four from L 1 16
their left-right and up-down mirror graphs. In the graphs in 7§~ =— Eﬂocl[as(mv)]:tl_ ?CAcl[as(mV)]g
Egs.(289—(28d) the factor

L PR AR 2 CaCuar(mi)[ag(mn)?
_uEL — —CA AL a(my) ] ag(my) |7,

e e R '

occurs, whereE=p?/m. The first term is included in the (T):i

2 2
result displayed in Egs(288—(28d), and the remaining 'Y 37 CA(Cat Coasmi)lag(my) ],

terms are not shown. Forw~v, we have ugs~|K|

~mu, uy~E~mu?, so the soft and ultrasoft scale factors 8

correctly minimize possible large logarithms in the effective y{})= — —CaCras(mv?)[ag(mv)]?.

theory. .
From the sum of diagrams in Eq®8a—(28d) we have

the following result for the soft and ultrasoft anomalous

mensions of the order [k potentials:

di_In full QCD (taking the QCD scale parametgr=m), the
first logarithm generated by the ultrasoft anomalous dimen-
sion corresponds to a IB{m), while the first logarithm gen-

a (M) [V (1)]2 erated by the soft anomalous dimension corresponds to a
Y =9 =Ca(Ca+Cy) S 5 , In(k|/m). For the velocity renormalization group, the total
12m anomalous dimension is simplys+ 2y, :
ag(mr?) [V (1)]? 9 My L
W= =-cr————. (30 v V(v) == g~ Bo(7CaA—Co) as(mn) *
. : 8
Recall that the soft and ultrasoft anomalous dimensions are — =—CA(Cp+Cy[as(mv)]®
given by differentiating with respect to s and Inyy re- 37
spectively. 4
It is interesting to ask how the result in E§0) would be + —Ca(Ca+ Cq) as(mv?)[ a(mv)]?,
reproduced if terms that vanish by the equations of motion ™
were included in our effective Lagrangian. It is possible to P 1 (32)
include a term in our effective Lagrangian which makes the ,,_Vﬁl)(,,): —=—BoCyl as(mp)]®
graph in Eq.(28b) give no contribution to the anomalous v 2m
dimension, but the final result for observables remains in- 16
variant. This example is discussed in Appendix B. + —CaCq[ag(mp)]?
a
IV. RESULTS 24

— —CaCrag(mv®)[ag(mv)]?.
In this section the NLL heavy quark|k| potential and m
production current are discussed. After presenting the renor- )
malization group improved results, we reexpand to compar&lote that no other 1/ potentials are generated for<1 by
to the finite order results in Ref§15] and [22]. We also ~ OPerator mixing. Integrating Eq32) using the one loop
discuss the behavior of the NLL|k] potential and the NLL pB-function for s and the one loop boundary condition in Eq.
production current as we run down from=1 to »=o, (14 gives
wherev is the Coulombic velocity. - (7CA—Cq)

Vi '(v)= —g % m)

(7Ca—Cq) N 8Ca(Cat+Cyq)

A. The NLL 1/|k| potentials
The total soft and ultrasoft anomalous dimensions for the +[

}(Zz—l)aﬁ(m)

on-shell 1Jk| potentials are obtained by adding E(&2) and 8 3Bo
(30). Using the LL coefficient for the Coulomb potential, 8CA(CatCy)
Ve(v)=4mag(mv), we find + %‘j[z_ 1-2 In(w)]e?(m),
0
1 33
Y=~ o= B 7CA— Collas(mu) I WG, G 1G], .,
Vi (V)=7as(m)+ > 3 (z2—1)ai(m)
8 0
- gCA(CA—FCd)[aS(my)]B B 48CAC1

5 ad(m[z—1-2In(w)],
0

4
+3-CACat Coa(mDa(mn) 2, (BY
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My (M 1 0L e
_asl )' _as(mv?) _ (34) [
ag(m) ag(mv) 2—-z V.w
Projecting onto the color singlet channel®=y®) o1l .
—CeV(M, and settingCy4=8Cr—3C, and C;=C,C¢/2 i 1
—CZ gives
C,Z: 0.05_— ]
Vi (v)= T—CFCA)ag(m) [\
4 o
c2 ¢, 8CACH(Ca+2CH) ol \ 7T e ]
+ 7_ E“A™ 3ﬁo L 4
[ o ]
8CACE(Cpt2C I ]
X (22— 1)a?(m)— ACH(Ca ¢) oos b b oo ]
Bo 096 0.2 04 0.6 038 1
X[z—1-2 In(w)]a?(m). (35) v

FIG. 6. Values for the NLL running/"Y) potential for top
The projection onto the color octet channel§” =V quarks andh;=5 massless flavors. The solid and dashed lines are
+(Cpl2— C,:)V(kT) . the color singlet and octet coefficients for thé/(m|k|) potential.
Logarithmic corrections to the color singm!f—l) poten- The solid vertical line marks the Coulombic regime where
tial were also considered by Brambillet al. [15] using  as(mv)=v.
pNRQCD, but were not resummed. Brambiiaal. have

agrees with the [i/(mr)]=In(») term in Eq.(37), and the

Vi(v)=—CgCpal(r) third In(») term in Eq.(38) agrees with the Ingr)=In(v)
term in Eq.(37).
+ . . .
_ 4CaCH(Cat2Ce) ag(p) as(r)2In(ur). The second term in E¢38) does not appear in Brambilla
3m et al’s expression in Eq(37). This is because it depends on

(36)  Whether an on-shell_or off-shell potential is used for the
matching and runningWe have used an on-shell potential,
To compare this expression to our&(r)ﬁa(mv), r while Ref[lS] uses off-shell Coulomb gauge which includes
—1/(mv) and u= uy=mv? sincer corresponds to the soft aV{)=—4mayr) potential as defined in EqB1) of Ap-
scale angu corresponds to the ultrasoft scale. Expanding Eqpendix B. The second logarithm in E(B8) should appear

(36) in ag(m) gives from the coefficient of this potential. Transforming Bram-
billa et al’s V) potential to av{¥ potential using Eq(B4)
BoCeCa gives
VS (v)=—CgCpa’(m)+ Tag(m)m[l/(mr)]
4CACE(Ca+2CE) © c2 ,
- 3 a3(m)In(ur)+---. (37) V()= 5 aq(r)
T this t It dth dl Ct , BoCE
o compare this to our result we expand the resummed loga- = ad(m)— ad(m)In[1/(mr)]+--.
rithms in Eq.(35): 2 2w
BLCoC (39
Ov~FY“YA
— ad(m)in(v)

The term with a Ifl/(mr)]=In(v) agrees with the second

CE ) In(v) term in EqQ.(38). The sum of terms without logarithms
> as(min(v) in Egs.(37) and(39) also agrees with Eq38). Note that the
next term in the series in E438) does not give agreement
with Egs.(37) and(39) since Brambilleet al. did not attempt
to systematically sum all the logarithms.

C2
V& (v) =(7F— C,:CA) a?(m)+
Bo

4CACr(Cp+2Cp)
37

ag(m?iIn(v)+---. (39

In Eq. (38), the first and second In) terms are entirely from

the soft anomalous dimension in E(1), while the third "The issue of on-shell versus off-shell potential was discussed in
In(v) term is from a combination of the ultrasoft and soft Ref. [23], and in the context of the leading log summation is dis-

anomalous dimensions. The first #(term in Eq. (38)  cussed further in Appendix B.
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To see the effect of the running on the value of ¥e ) p

potential, consider the case of top quark production near Yea(v)=v—In[cy(v)]

threshold. Usingxg(m;)=0.108 and Eq(35), the one loop o o

matching value is s s

g __Vc (72/) Vc (V)-FV(ZS)(V)
VP(1)=—0.0362. (40) 16m° % 4
. . . VS (v)
For a Coulombic system we determine the veloaityby +VEO)+SVE(v) | + > (42

solving ag(mv)=v. Usingm;=175GeV and the one loop

running of ag(u) with ng=5 givesv=0.145. The NLL  For the vector production current in E@) only spin-1 states
color singlet and octet coefficients for thegkl/potential are  gre produced, and we can §8t= S(S+1)=2. However, our
plotted in Fig. 6. Atr=v the running coupling is analysis also applies to the scalar production current

V(v)=-0.0027, (41)
“ c(r) X Yixt,, (43
which is a substantial change from E¢0). In comparison, P
Fhe terms shown in_Eq38) _Where the combinationIn(v) which, for example, contributes to the procqs;3—>tt_[31].
is treated perturbatively glvaa’(ks)(v)=—0.0_313. Thus, the  Therefore, we will keep the factors @& explicit in our
summation of logarithms for the |k| potential is quite im-  resylts. The boundary condition is given by the matching
portant; it decreases the coefficient by an order of magnitudesondition aty=1 (w=m) which is known to two loop§21].
Using the unexpanded results in Eq86) and (39) gives  For the NLL approximation only the one loop matching con-
V{(v)=0.0201, so our resummed result is also quite differ-gition should be used. For the vector current

ent from the fixed order result in Rf15].
2Crag(m)
_ c(l)=1— ——. (44
B. The NLL tt production current w

In terms of the running color singlet potentials the anomadntegrating Eq(42) with the running potentials in Appendix
lous dimension for the production current in E4) is [14] A, Eqg. (A1) and in Eq.(33) we find

C1(v)

N e@

+a,may(m)(1—2z)+agmasm)in(z) +a,mag(m)[1—zt~1¥Fa/(6F0)]

1
= al'n'as(m)(;— 1

w1 ( 2w ) (1)
E—Eln (2)—In(w)|n m —LI2 m

In(w) — %In(ZW— 1)}, (45)

+agmag(m)[1—zt"2CA/Po]+ agmay(m)

w
+a;mag(m) w_1

wherez= ay(mv)/ay(m) andw= ay(mv?)/a(mv). The coefficients; in Eq. (45) are

_ 32CACE(Ca+2Ck)
H= 363 !
— Cg[3B0(26C4+19CACr— 32CZ) + CA(208C5+ 597CAC+ 716C2) ]
T 7867Ca |
a;= o {2C2(668y—179C,)(Bo—2Ca)
3B5(6B0—13Ca)(Bo—2Ca) '~ F
—CaCr[6(49—3S%) 85— (1126-395%) BoCa+ 106 TC ] — 24C5(6 80— 13C,)(Bo—2Ca)},
_ —24CE(3Bo— 11CA)(5Co+8Cp) _ CE[(4S°—3)Bo+ (15— 145°)Cy]
= 13C4(6B,— 13C,)? 8T 6(Bo—2Cn)’ !
—16C2(Cp+2Cp) 16CACg(Ca+2CF)
a6: 7 y a7: 2 . (46)
3B Bo
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[T where we have expanded to second order in)ka(n(ay).
Y _ The [ y¢,(1)]* term does not contribute at ordef In? as,

and can be dropped. The remaining terms in @§) give
c,(V)

095 - 2 E ?

35°|CetCa

AY2(0)= — Cra? In(as)[

c 3 41
—Zfagm%ag[—c§+[

12 12

’ 2
. S?|CeCh

2
2- ;¢

Sl

— 2—_
T30 3

CetCalfs (50

0.85 L NNLO i

b which agrees exactly with the result from RE22] in Eq.
0 0.2 0.4 0.6 0.8 1 (48) after settingB,=0. Thus, we have shown that the loga-
v rithms of Kniehl and Penin can indeed be associated with
FIG. 7. Values for thet production current coupling,(v) for re.normallzatlon. group ‘Ilog?rlthmss. ‘Fxpandlng B45) to
n;=5 massless flavors. At LO and Lt;=1. The large and small MGNEr orders gives thag In“(ay),asIn(ay), etc. terms.
dashed lines show the value ©f at NLO and NNLO[21] respec- For QCD withn;=5, the coefficients in Eq46) are
tively. The solid line shows the running value at NLL order given in
Eq.(45). The dotted line shows the result of promoting the coupling a;=4.113, a,=—2.173, a;=4.308-0.417%7,
in the NLO result to a running couplinghe approximation used in
Ref. [33]). The solid vertical line marks the Coulombic regime
whereag(mv)=v. a,=5.731,

A further check on our result can be made by comparing

_ 7 2 — —
it to the a2 In(ay) corrections calculated by Kniehl and Pe- 85=2.347-1.20%", as=-0.914, a;,=6.170.

- 51

nin in Ref.[22]. Near threshold thét cross section depends 51

on the produc{32] The running coefficient,(v) is shown in Fig. 7 fors?=2.
aoc|cl|zGC(0,OE)|¢//ﬁ(0)|2, 47) For comparison we have also shown by a dotted line the

value of the running coefficient obtained in RE33] by an

where ¢ is the leading order Coulomb wave function, and @Pproach based on simply taking— as(mv) to approxi-
G is the Coulomb Green'’s function. In the approach used ifnate the NLL value for the coupling. This approximation
Ref. [22], G embodies corrections to the wave function atmisses many of thexIn(v) terms, and does not provide a
the origin, |¢(O)|2E|¢C(0)|2[1+A¢2(0)], and includes 9ood estimate of the NLL result, as seen in Fig. 7. Some of
the large Iogarithms.nThey calculate the? In(a) and the more important logarithms in our NLL result include the

3|2 : S large Ingnv?/m) terms that enter through the mixing gener-
ag In“(ag) terms and find . : :

ated by ultrasoft gluon diagrams in the potential.

We have also shown the NNLO value foy in Fig. 7. As
pointed out in Ref[21] the NNLO value ofc,(1) is fairly
large. From Fig. 7 we see that summing the logarithms re-

2
2—-F

35°|CrtCa

A¢%0):——cpa§m(a9(

Ce 3 7 duced the size of the NLO matching correction by a factor of
- —aglnz(as)[§C§+ VR TZSZ}CFCA two. It would be interesting to see if the running induced at
g NNLL continues to improve the convergence of the expan-
2 sion. A consistent calculation at this order requires the three-
+ §Ci], (48) loop anomalous dimension af;, as well as one loop run-
- 2 . . - .
ning of the v“ coefficientsc, and c;. This computation

appears quite involved since running of the current at this

for the terms not involving3,. In our approach the large ) . .
logarithms in the cross sectign all appear in the running 00.9rder will likely depend on the running of higher order terms

efficient c1(v), so we expect that the logarithms of Kniehl in the potential.

and Penin will be reproduced by Several groups have analyzed thecross section predic-
tions at NNLO using effective field theory techniqy&s—
6.()|2 37,31. It should be straightforward to incorporate the renor-
v . . T .
A0 =2 —1=2] 1)+ In? (1 malization group improved current and potentials into their
¥(0) ci(1) n(as) eyl )+In (aS){ycl( ) analysis by simply choosing a value pfappropriate to the

threshold region. The value efonly needs to be of order the

21y ...
+2[7’°1(1)] [RAR (49) velocities in this region for the large logarithms to be mini-
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mized. Additional logarithms that appear in evaluating ma-of Energy under grant DOE-FG03-97ER40546, and by the
trix elements with the potential will not involve large ratios National Science Foundation under NYI grant PHY-

of scales since they are of the formBAg,) and In(k|/ug)  9457911.

where uy=mv? and us=mv. In a more precise analysis
one might wish to usex,(mv)Cg= v to determine the value

. -2 0
v to use. APPENDIX A: LL VALUES FOR THE ORDER v~ “ AND v

POTENTIALS
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V(v)=4maym)z,

vH(v)=0,
. 327C, 64mC,
V' (v)=4mag(m)z— 35, ag(m)[1-z]— 35, ag(m)in(w),
CA(352C+91C4—144C,A) —38¢(33C,+32Cp)
V(ZT)(V): m[Ca F d 39ﬁO£A Bo A F ]as(m)[z—l]
81(389—11C,)(5C5+8Cp) ag(m) (20~ 1A 58001
13CA(6B0—13Cp)
7(By—5Ca) as(m) (1-2CalB0)_ _877(4CF+Cd—3CA)
(ﬁo_ ZCA) [Z A 0 1] 3BO aS( m)ln(W),
D _ 28mC, - +32’7TC1 |
()= 35 asm(1=2)+ == agm)in(w),
2mag(m) 1 B 1
V()= 56~ 5 | Cat 3 (260 TCHZM 2040 |4 e mar(m)
NZ-1
v =T m,
T mag(m)
Vi (v)=— 3_2(1 2CalBo),
VI (v)=2maym)[z—4z1~Calbo)], (A1)

wherez= ag(mv)/a(m),w= ay(mv?)/a(mv), and we have ~APPENDIX B: POTENTIAL OPERATORS THAT VANISH

included theN, dependent terms that come from matching ON-SHELL

the tree level annihilation diagrams. In the color singlet

channel,Vi(v) andV,(v) were first calculated in Refl18] It is interesting to consider how the soft and ultrasoft
and agree with Eq(AL). anomalous dimensions fsf~1) are affected when operators
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that vanish on-shell are included in the potential Lagrangian, _ (pS— pg)Z
L,. These new operators can have nontrivial anomalous di- VO=[V{)(TheT+V{H(1e1)]

i)
mensions. In this Appendix we consider two examples of k,Z 9o
how including these operators affects intermediate results, LV D(TAeTA) VY18 1)] (p’"—p%)
but in the end yield the same result as the on-shell potential 4m?k*
for observables. Equivalently, it is shown that running the (B1)

Lagrangian with the new operators from+=1 to v=v and
then removing them by field redefinitions or operator identi-

ties reproduces the on-shell running valuevéf v —p? p'2=p2. Define V(= VD4 V(T In Ref. [23] it
. . 0 - 0 i} .
Consider  the  scattering Q(p1,P)+Q(P2,—P)  was shown that there is an operator |dentity whereby the

—>Q(pg,p’)+6(p2,—p’). As our first example, consider time ordered product of &, and a), potential givesV,
including in thev® potential in Eq.(10) terms of the form:  potentials:

We will refer to this potential as an off-shell potential, since
on- sheII it vanishes by energy conservation, whe?

Ve (T) T) b
[

where the ellipses denote additional terms which vanish onthe two factors of f’2—p?) are from the soft vertices, or
shell. The identity in Eq(B2) allows us to remove the po- these factors are from two insertions on the soft propagators,
tential in Eq.(B1) at an arbitrary velocity scalein favor of  or where one factor is from the propagator and one from the
a purely on-shell potential. Transforming, )(v)—0 gives  vertex (for the ghost loop The solution of Eq.(B5) is
V(D (v)=4maymv) andV{P(v)=0. The one loop counter-

V()= V() + 3972 V(v term which generates this running affects our soft anomalous
dimension computation since now there are counterterms of
1 1 o the form
—Vi'(v)+ Z(CA+Cd)VA (v) |,
(p/2_p2)2 (BG)
VP () =V O(v) - V() ((v). m’(p’ —p)*e’

3272

(B3) These counterterms give rise to one loop diagrams which

In a situation wherey{(»)=0 transformingV{"(»)—~0  exactly cancel the divergences in E@6) for the two loop
induces a color singlet k| potential of the form graph in Fig. 8a). Recalling that the one loop matching val-

2 ues for the 1k| potentials are also differefi23], we find

V(S)(V)HV(S)(V)— zV(T (VP (v). (B4  that the running’{"(») coefficients in Eq(33) become
(Transformations between ordewlandv® potentials were . ) . (83Ca—Cq) , (3Ca—Cy)
also considered in Ref§32,35,38.) Vi (v)= 4 as(m)+ 4
To make the implications of E4B3) more clear, we will

consider an example and show that including ¥3&" po- n 8CA(CA+Cd)}(Zz_ 1) a2(m)
tential will not effect predictions for observables when run- 3Bo s

ning belowm. Consider matching offshell in Feynman gauge
where the matching coefficients av=1 are V(AT)

=47ag(m) and V{Y=0, and the one loop anomalous di- Bo
mensions for the potentials in E(B1) are[23] (B7)

6CAC,
VP (v)=Cra2(m)+|Ci— ————|(Z2—1)a’(m)

$ BT CD o inwyTa2m),

d
Vﬁv(AT): - Zﬁoas(my)zl

B iz 1-2 Inw)],
Bo

P
uﬁvg”:o. (B5)

This Feynman gauge off-shell potential is consistent with the
This anomalous dimension has contributions from the onéransformation in Eq(B3) which transforms the off-shell
loop graphs with two soft gluons, ghosts or quarks Wherecase,V(AT)=4was(mv) and Eq.(B7), into the on-shell case,
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v{"=0 and Eq.(33). The comparison in Sec. VA with the ultrasoft gluon isA, while in the second diagram the

Ref. [15] shows that our on-shell analysis is also consistentross is an insertion of the ultrasdt/m operator in Eq(7)

with an off-shell Coulomb gauge potential. and the gluon is ai’. In Feynman gauge both graphs pro-
With the off-shell potential in Eq(B1) there are two new duce a divergence of the form

graphs which contribute to the anomalous dimension for the

production current:

(E—p?/m) 12
A % % V, — 7
:::f(::é< (:::2::>< e(p’—p)?
(B8) _ _ . .

dth | di ion is theref which vanishes by the equations of motion, but off-shell

and the anomalous dimension Is therefore renormalizes the coefficient of the operator in E8j10). To
P —VOW) (VO(p) see how this effects the calculation of our ultrasoft anoma-
Vﬁ_m[cl(,,)]: 5.2 ( 2 +VP )+ V¥ (v) lous dimension, consider Coulomb gauge, where only Eq.
v ™ (B11a is nonzero. In this case there is a one loop counter-
E(s>(,,) V(CS)V(AS) term diagram which exactly cancels the divergence in Eq.

+SVO(v) |+

(28b). After running down to the low scale the value of

V(kT'l)(v) is different, but our potential also includes the op-
(B9  erator in Eq.(B10) with coefficient V=(v). If we wish to
where V(AS)(V)=V(Al)(v)—CFV(AT)(v). Since the last two remove the operator in EqB10) we can do so with a field

terms in Eq.(B9) are invariant under the transformation in redefinition
Eq. (B4) the off-shell potential gives the same prediction for
the running of the production current. In calculating observ-
ables the operator identity in EqB2) guarantees that the —>¢// +2
time ordered product of the running{” and V(" produces P
the same effect as the soft contribution to the running of the
on-shellV{" in Eq. (26).
As our second example, consider including an operatowhich induces a term from they[[i do—p?/(2m) ]y, La-

which would vanish by the lowest order free equations ofgrangian which cancels Ec(BlO) This field redefinition
motion: also gives other new contributions. For us the important

point is that the Coulomb potential induces a six-quark op-
erator of the form

647>

(p p)Z lvb ”TAX "TAX pr (B]-S)

Ve p =
Leom= 2(—)2¢T |‘90__¢pX TXp

p—p
+x— i (B10) VeV,
_E z lv[/ "X "X p’l//pX 'X p( "_ /)Z(C/_ )2'
The only feature of the operator in E@®10) that is different pp’ p’ pr=p)"(P =P
from typical operators that vanish by the equations of motion (B14)

(for example, in HQET27)) is its nonlocal nature relative to

the scalep~p’'~muv. At one loop there are ultrasoft gluon ) o
graphs which mix into the operator in E@10), for instance (The contraction of color indices and factorsTdf have been

from the diagrams suppressebi.UsgaIly a six quark operator could not possibly
effect the running of a four quark operator such as thie| 1/
potential. However, because of the momentum dependence
a) 5 b) in the denominator of EqB14) it induces a nonzero tadpole
. diagram where the fieldg_ andxtp, are contracted. This
Ve tadpole graph produces gdH/ and makes up for the running

(B1)  j, )V, that was removed when the contribution from E28b)
In the first graph the vertex is the first term in EG6) and  was canceled by &= counterterm.
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