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Running of the heavy quark production current and 1Õzkz potential in QCD
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The 1/uku contribution to the heavy quark potential is first generated at one loop order in QCD. We compute
the two loop anomalous dimension for this potential, and find that the renormalization group running is
significant. The next-to-leading-log coefficient for the heavy quark production current near threshold is deter-
mined. The velocity renormalization group result reproduces theas

3 ln2(as) ‘‘nonrenormalization group loga-
rithms’’ of Kniehl and Penin.
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I. INTRODUCTION

For systems involving a heavy-quark–antiquark pair n
threshold it is useful to combine the QCD coupling const
expansion with an expansion in powers of the relative vel
ity v. This expansion is facilitated by using nonrelativis
QCD ~NRQCD! formulated as an effective field theory wit
an explicit power counting inv @1–14#. For the potential
between a heavy quark and antiquark this double expan
takes the form

V~p,p8!5 (
n522

`

V~n!, V~n!5(
j 51

`

V~n, j !,

where V~n!;vn, V~n, j !;vnas
j . ~1!

The even termsV(2k) are first generated at tree level~order
as), and the odd termsV(2k11) are first generated at one loo
~orderas

2).
Matrix elements for nonrelativistic QCD systems typ

cally depend on logarithms of the velocityv. For smallv it
is convenient to sum large logarithms of the for
as(mv)ln(v) and as(mv2)ln(v) by using renormalization
group equations in the effective theory. This reorganizes
series inj in Eq. ~1! so that

V~n!5(
j

Ṽ~n, j !,

where Ṽ~n, j !;vnas~m! j (
k50

`

@as~m!ln~v !#k. ~2!

The simplest example of such a summation is the use
running coupling constant,as(m), instead of the coupling a
the matching scaleas(m). For m,m the running coupling
includes a series ofas(m)ln(m/m) terms. However, it should
be emphasized that the complete set of renormaliza
group logarithms are not determined by the simple repla
mentas(m)→as(m).

A complication in summing the logarithms is the presen
of two low energy scales: the typical momenta of the hea
quark;mv ~soft scale!, and typical energy;mv2 ~ultrasoft
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scale!. Two approaches have been proposed for dealing w
the presence of two scales, one stage and two stage run
With two stage running, one matches QCD onto an effect
theory at the scalem5m and then runs to the scalem
5mv. At m5mv one matches onto an effective theo
called potential NRQCD~pNRQCD! @8,15# which has com-
posite qq̄ fields, and then considers the running tom
5mv2. In vNRQCD @14#, the running occurs in a single
stage using a velocity renormalization group. The veloc
renormalization group takes into account that the scalesmv
and mv2 are tied together by the heavy quark equation
motion for allm,m. We use dimensional regularization an
the modified minimal subtraction (MS) scheme with both the
ultrasoft scalemU;mv2 and the soft scalemS;mv given in
terms of a single subtraction point velocityn:mU5mn2 and
mS5mn. The renormalization group equations are writt
for the variablen. It is an interesting question as to wheth
both the one and two stage methods of running will sum
full set of as ln(v) terms. In this paper only the single stag
running will be considered.

The running of the Coulomb potential at one and tw
loops,Ṽ(22,1) andṼ(22,2), is determined by the running cou
pling constantas(m) @16#.1 The summation of the leading
logarithms for the thev0 potential was carried out in Refs
@18,19#. In this paper we extend this analysis to the 1/uku
potential by calculating its two loop anomalous dimensio

If mv2@LQCD, the v expansion can be applied to non
relativistic QCD systems in a perturbative manner. This
the case for t t̄ production near threshold wheremv2

;4 GeV, and is the situation that will be analyzed in th
paper. Of particular interest is the Coulombic regime wh
v;as . In this regime the expansion in Eq.~1! has the form

V5@Ṽ~22,1!#1@Ṽ~22,2!#1@Ṽ~22,3!1Ṽ~21,2!1Ṽ~0,1!#1¯

;Fas

v2G1Fas
2

v2G1Fas
3

v2 1
as

2

v
1asv

0G1¯ . ~3!

If the as ln(v) dependence is treated perturbatively the
terms are referred to as the leading order~LO!, next-to-

1At three loops ultrasoft gluons can contribute to the running
the static potential@17#.
©2001 The American Physical Society04-1
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ANEESH V. MANOHAR AND IAIN W. STEWART PHYSICAL REVIEW D 63 054004
leading order ~NLO!, and next-to-next-to-leading orde
~NNLO! potentials. Note that since the 1/uku potential first
occurs at one loop, it only contributes at NNLO. When t
series inas ln v are summed, the terms in Eq.~3! will be
referred to as leading-log~LL !, next-to-leading log~NLL !
and next-to-next-to-leading log~NNLL !, respectively. In the
Coulomb regime, the Coulomb potential must be kept to
orders. Each additional Coulomb insertion gives aas /v2

plus a factor ofv ~from the potential loop!, so each new
Coulomb interaction costs a factor ofas /v;1.

To study the threshold production oft t̄ , a nonrelativistic
expansion must also be made for the electromagnetic
duction current2

t̄g i t5(
p

c1~cp
†s ix2p* !2

c2

2m2 ~cp
† p•s pix2p* !

2
c3

m2 ~cp
† p2s ix2p* !1¯ . ~4!

The fieldsc* and x* create nonrelativistic top quarks an
antiquarks, respectively. Thec1 term contributes at orderv0,
and thec2 andc3 terms contribute at orderv2. The current
on the left-hand side of Eq.~4! is conserved, and has n
anomalous dimension in QCD. However, the nonrelativis
current operators on the right-hand side are scale depen
in the effective theory, and the coefficientscj therefore de-
pend on logarithms ofm. The coefficientscj each have an
expansion inas . The matching atm;m is known to order
as

2 for c1 @20,21#, and to orderas for c2 andc3 @7#, so the
production current is known to NNLO with partial N3LO
results. At LL order, one needs the tree-level matchingc1
51 atm5m, and thev2 coefficientsc2 andc3 can be set to
zero. There is no one loop anomalous dimension for the
eratorcps

ix2p* , so the LL result is thatc151 at all n.
At NLL order, we need the one loop matching forc1 at

m5m, and the two loop running forc1 . The coefficientsc2,3
first enter at NNLL, at which order one would also need t
three-loop anomalous dimension forc1 . At two loops, the
anomalous dimension forc1 was computed at the matchin
scalem5m @20,21#

m
]

]m
c1~m!U

m5m

52CFS 1

3
CF1

1

2
CADas

2~m!, ~5!

by studying the two loop matching condition forc1 . For m
,m the anomalous dimension no longer has the simple fo
Eq. ~5!, but depends on the running of the quark potent
This anomalous dimension was computed in Ref.@14#, and
depends on the running values@Ṽ(22,1)#2, Ṽ(22,1)3Ṽ(0,1),
and Ṽ(21,2) @see Eq.~42! below#. It is interesting that the
structure of this result implies that determining the RHS
Eq. ~5! for m,m requires the LL values ofṼ(22,1) and
Ṽ(0,1), but the NLL value ofṼ(21,2). The one loop running of

2We will ignore effects associated with the top quark width.
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Ṽ(22,1) is well known, and the running ofṼ(22,2) was com-
puted in Refs.@18,19#. The two loop running ofṼ(21,2) is
computed in this paper. Using the running of these terms
the potential, we arrive at a complete NLL expression forc1 .
The running of the nonrelativistic scalar current is al
briefly discussed.

In Sec. II the effective theory is reviewed. We expla
how reparametrization invariance fixes the value of the lo
est order coupling of an ultrasoft gluon to the Coulomb p
tential. The details of the computation of the two loo
anomalous dimension for the 1/uku potential are given in Sec
III, and in the Appendixes. In Sec. III we give a derivation
the anomalous dimension using on-shell potentials, while
Appendix B we repeat the derivation in the presence of o
shell potentials. Readers not interested in the technical
tails can skip to Sec. IV, where our results are discussed
Sec. IV we expand our renormalization group improved
sults in powers ofas to compare to finite order calculation
in the literature. For the color singlet 1/uku potential the first
as ln(v) term in the series was computed in Ref.@15#, and
our result for this term agrees with theirs. In Ref.@22#,
Kniehl and Penin computed theas

3 ln2(as) terms in the wave
function at the origin which they refer to as ‘‘nonrenorma
ization group logarithms,’’ since they do not involve facto
of the b function for as . We show that the second term i
the series generated by our NLL production current agr
with the result in Ref.@22#. Thus, the solution of the renor
malization group equations in the velocity renormalizati
group method does include these logarithms. Finally, we
cuss our result for the NLL 1/uku potential and production
current.

II. THE vNRQCD LAGRANGIAN

The vNRQCD effective Lagrangian has the form@14#

L5Lu1Lp1Ls . ~6!

The ultrasoft LagrangianLu involves the fieldscp which
annihilate a quark,xp which annihilate an antiquark, andAm

which annihilate and create ultrasoft gluons. The poten
LagrangianLp contains operators with four or more qua
fields including the quark-antiquark potential. Finally, th
soft LagrangianLs contains all terms that involve soft pa
ticles which have energy and momenta of ordermv. The
terms we need in the ultrasoft Lagrangian include

Lu52
1

4
FmnFmn1(

p
cp

†H iD 02
~p2 iD!2

2m
1

p4

8m3J cp

1(
p

xp
†H iD 02

~p2 iD!2

2m
1

p4

8m3J xp . ~7!

The covariant derivative isDm5]m1 igmU
e Am5(D0,2D),

so that D05]01 igmU
e A0, D5“2 igmU

e A, and involves
only the ultrasoft gluon fields. The ultrasoft scale parame
mU5mn2, wheren;v is the subtraction velocity. Thisv
4-2
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scaling formU is required for a consistent power counting
d dimensions@23#. The covariant derivative oncp and xp

contain the color matricesTA and T̄A for the 3 and 3̄ repre-
sentations, respectively.

The LagrangianLp includes both the traditional quar
potential and ultrasoft corrections to this potential which
will denote byLpu :

Lp52(
p,p8

Vablt~p,p8!mS
2ecp8a

† cpbx2p8l
† x2pt1Lpu .

~8!

The terms we need inLpu are fixed by reparametrizatio
invariance@24# and will be described below. The on-she
potentialV(p,p8)ablt has an expansion inas andv, anda,
b, l, t denote color and spin indices. We will use the co
basis in which the potentialV is written as a linear combi
nation of 1̂ 1 andT^ T̄. The tree level diagrams in Fig.
generate terms ofO(v2kas) in the QCD potential. The orde
v22 Coulomb potential is

V~22!5~TA
^ T̄A!

V c
~T!

k2 1~1^ 1!
V c

~1!

k2 , ~9!

where the coefficientsV c
(T,1) have an expansion inas . The

orderv0 potential includes

V~0!5~TA
^ T̄A!FV 2

~T!

m2 1
V r

~T!~p21p82!

2m2k2 1
V s

~T!

m2 S2

1
V L

~T!

m2 L~p8,p!1
V t

~T!

m2 T~k!G
1~1^ 1!FV 2

~1!

m2 1
V s

~1!

m2 S2G , ~10!

wherek5p82p and

S5
s11s2

2
, L~p8,p!52 i

S•~p83p!

k2 ,

T~k!5s1•s22
3k•s1k•s2

k2 . ~11!

Matching the two diagrams in Fig. 1 to thev22 and v0

potentials atm5m gives

FIG. 1. QCD diagrams for tree level matching.
05400
r

V c
~T!54pas~m!, V r

~T!54pas~m!,

V s
~T!52

4pas~m!

3
1

1

Nc
pas~m!,

V L
~T!526pas~m!, V t

~T!52
pas~m!

3
,

V s
~1!5

~Nc
221!

2Nc
2 pas~m!,

V c
~1!50, V 2

~T!50, V 2
~1!50. ~12!

The LL values for the coefficients of theV(22) and V(0)

potentials will be needed below and are summarized in A
pendix A. They are obtained by using the tree-level match
values in Eq.~12! and running using the one loop anomalo
dimensions computed in Ref.@19#.

The order 1/v potential includes

V~21!5
p2

muku @V k
~T!~TA

^ T̄A!1V k
~1!~1^ 1!#. ~13!

Tree level matching givesV(21)50, andV(21) has zero one
loop anomalous dimension@19#, soV(21)50 at LL order as
well. At one loop in QCD, order 1/v potentials of the form in
Eq. ~13! are generated. The one loop matching of the o
shell potential atm5m gives @23#

V k
~T!5as

2~m!S 7CA

8
2

Cd

8 D , V k
~1!5as

2~m!
C1

2
. ~14!

The color group theory factors areCF5(Nc
221)/(2Nc),

CA5Nc , C15(Nc
221)/(4Nc

2), andCd5Nc24/Nc . For the
color singlet channel Eq.~14! agrees with Refs.@25,26#. In
the language of the threshold expansion@10# the value of the
coefficients in Eqs.~12! and ~14! are from integrating out
off-shell potential gluons at the hard scalem;m where n
51 @23#. In the next section we will compute the two loo
anomalous dimension forV(21), and determine the NLL
value of the coefficients in Eq.~13!.

In addition we need ultrasoft corrections to the poten
which are contained inLpu . Reparametrization invarianc

FIG. 2. Matching for the operator attaching an ultrasoft gluon
a potential interaction.
4-3
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@24# restricts the form of some of these terms by requiring that only the linear combinationp2 iD can appear. Here the
covariant derivative acts on a quark or antiquark field with labelp. The reparametrization invariant form of theT^ T̄ Coulomb
potential operator is

@cp8
† TAcp#@x2p8

† T̄Ax2p#

~p82p!2
→ 1

2 Fcp8
† TA

~p82p1 iDJ !2
cpG @x2p8

† T̄Ax2p#1
1

2
@cp8

† TAcp#F x2p8
† T̄A

~2p81p1 iDJ !2
x2pG , ~15!

whereDJ5DW 1DQ . Terms in thev expansion are then generated by expanding Eq.~15! with D!p82p. As written the ordering
of color generators in Eq.~15! is ambiguous. The correct ordering in the expansion is to write factors ofDW to the right of the
TA, and factors ofDQ to the left of theTA. Expanding Eq.~15! and keeping only the terms that we will need gives

Lpu5
2iV c

~T! f ABC

k4 mS
2emU

e k•~gAC!cp8
† TAcpx2p8

† T̄Bx2p1V c
~T!mS

2ecp8
† F ik•¹J

k4 2
¹J 2

2k4 12
~k•¹J !2

k6 GTAcp8x2p8
† T̄Ax2p

1V c
~T!mS

2ecp8
† TAcpx2p8

† F2 ik•¹J

k4 2
¹J 2

2k4 12
~k•¹J !2

k6 G T̄Ax2p , ~16!

where¹J5¹Q 1¹W . The first term couples an ultrasoft gluon to a four quark operator. The terms in the second and third
Eq. ~16! contain order 1/v andv0 terms from the multipole expansion of the Coulomb potential. The first term could also
been determined from the on-shell matching calculation shown in Fig. 2. However, by determining the terms in Eq.~16! using
reparametrization invariance rather than matching we know that the coefficients remain equal toVc to all orders in perturbation
theory. This saves us from the extra work that would be involved in computing the anomalous dimensions for these
Lpu .

The terms in the soft Lagrangian include

Ls5(
q

$uqmAq
n2qnAq

mu21w̄qq”wq1 c̄qq2cq%2g2mS
2e (

p,p8q,q8
H 1

2
cp8

†
@Aq8

m ,Aq
n#Umn

~s!cp1
1

2
cp8

† $Aq8
m ,Aq

n%Wmn
~s!cp

1cp8
†

@ c̄q8 ,cq#Y~s!cp1~cp8
† TBZm

~s!cp!~ w̄q8g
mTBwq!J 1~c→x,T→T̄!. ~17!
d

.

n
o

th
a
s

a-

the

o
sary
ur
oft

s
ess
all
nce

n-
The fieldsAq
m andcq are the soft gluon and ghost fields, an

wq is a massless soft quark field withnf flavor components.
U, W, Y, andZ are functions of (p,p8,q,q8) and matrices in
spin and the indexs denotes the relative order in thev
expansion. For Feynman gauge and the casep25p82 these
functions were derived in Refs.@14,19#. Beyond one loop
terms proportional to (p22p82) will be needed inLs , since
besides its soft energyq0;mv theAq gluons can carry away
a residual energy of ordermv2. The LL values for the func-
tions U, W, Y, and Z can be found in Appendix A of Ref
@23#. In addition, some NLL contributions toLs will be
needed and will be discussed in Sec. III A. These additio
contributions are obtained from one loop matching with tw
loop renormalization group improvement.

As an aside, note that it is not necessary to consider
ultrasoft renormalization of the vertices given in the soft L
grangian in Eq.~17!. One might think that diagrams such a

~18!

would affect the running of the coefficients in the soft L
grangian. Diagrams analogous to the one in Eq.~18!, but
05400
al
-

e
-

with only soft gluons and quarks generate the running of
coefficient functions in the soft Lagrangian3 in Ref. @19#.
However, the graph in Eq.~18! has only one heavy quark, s
a distinction between soft and ultrasoft gluons is unneces
at this point. Noting that the soft vertices will always occ
in pairs, it is in fact consistent to only dress pairs of the s
vertices by ultrasoft gluons:

~19!

3In Ref. @19# the running ofLs was calculated by examining loop
with soft gluons that contribute to the Compton scattering proc
prior to integrating out the soft quarks. There it was noted that
ultraviolet divergent diagrams are in one-to-one corresponde
with graphs in heavy quark effective theory~HQET!, so that the
running of this Lagrangian could be obtained from the known ru
ning in HQET @27#.
4-4
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FIG. 3. Order as
3/v graphs containing soft

gluons, ghosts, or massless quarks which are
denoted by a zigzag line. In~a! the dot denotes
the Coulomb potential, while in~b! the dot de-
notes the orderv0 potential. The boxes denot
soft vertices with insertions of the functionsU (s),
W(s), Y(s), or Z(s). In ~a! the indicess1s8
52. In ~c!, ~d!, and ~e! the ^ vertex is obtained
from the one loop matching in Fig. 4.
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Since these diagrams involve two heavy quarks, both ty
of gluons can occur. Since in the end it is only graphs s
as Eq.~19! with two soft vertices that are relevant for co
structing the theory, it is consistent to include the ultras
renormalization of soft vertices as a contribution to the fo
quark operator in Eq.~19!, rather than treating the subgrap
as a contribution to the soft vertex, as in Eq.~18!. Along with
the diagrams in Eq.~19! there are graphs in which the ultra
soft gluon is exchanged between the two heavy quarks.

III. TWO LOOP ANOMALOUS DIMENSION FOR V „À1…

To calculate the NLL anomalous dimension for the 1/uku
potentials we need to consider graphs in the effective the
of order4 as

3/v. These diagrams come in two classes, th
with soft gluons, and those with a single ultrasoft gluon. T
total anomalous dimension for the 1/uku potential isg (1,T)

5nd/dnV k
(1,T) . SincemS5mn andmU5mn2, g (1,T) can be

written as the sum of a soft and ultrasoft anomalous dim
sion

g~1,T!5gS
~1,T!12gU

~1,T! , ~20!

where gS
(1,T)5mS]/]mSV k

(1,T) and gU
(1,T)5mU]/]mUV k

(1,T) .
In the remainder of this section we discuss the computa
of these two loop anomalous dimensions in detail. The c
culation is split into two parts, graphs with soft vertices a
graphs with ultrasoft vertices. Graphs with soft gluons o
contribute togS , while those with an ultrasoft gluon contrib
ute to bothgS andgU .

A. Soft contributions

The orderas
3/v diagrams containing soft gluons that co

tribute to the anomalous dimension are shown in Fig. 3. T
sum of diagrams forms a gauge invariant set.

4This is the size~in v) of the amputated diagrams, so in contra
to the general power counting formula in Ref.@14# we are not
including the powers ofv generated by external lines.
05400
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The two loop graphs in Figs. 3~a! and 3~b! involve an
iteration of a potential and a soft loop. The vertices in the
graphs are of LL order~tree level matching with one loop
running! and are given in Ref.@23#. In Figs. 3~a! and 3~b!
counting powers ofv from the propagators and from the loo
measures gives av1, so the sum of powers ofv for the three
~amputated! vertices must give an overall 1/v2. The v scal-
ing for the two soft vertices iss1s822. In Fig. 3 we show
two possibilities:~a! has oneV(22) insertion and two soft
vertices from Eq.~17! such thats81s52, and~b! has one
insertion of aV(0) potential from Eq.~10! and two soft ver-
tices such thats85s50. We could also have aV(21) po-
tential plus two soft vertices wheres1s851; however this
diagram is identically zero. The graphs where the poten
and soft loop are exchanged simply give a factor of 2.

The one loop graphs in Figs. 3~c!, 3~d!, and 3~e! involve
additional vertices inLs , denoted^, which are of NLL or-
der ~from one loop matching with two loop running!. The
one loop matching calculation for these vertices is sketc
in Fig. 4. There are a large number of diagrams in the
theory~graphs on the left-hand side!, so only a few represen
tative examples have been shown. To obtain the values
the operators on the right hand side we subtract purely
effective theory diagrams from those in the full theory. T
see how these operators arise, it is useful to recall that in
threshold expansion@7,11# soft heavy quarks have a propa
gator

1

q01 i e
5P

1

q0
2 ipd~q0!, ~21!

whereP stands for the principal value. In our approach, o
shell potential gluons and soft quarks are integrated ou
the scalem when constructing the effective theory. Whe
integrating out the soft heavy quarks the principal value te
in Eq. ~21! goes directly into a coefficient in the soft La
grangian since this term is consistent with the scaling in
soft regime, q0;mv. For instance, in Eq.~17!, U00

(0)

51/q0 . The delta function contribution in Eq.~21! is asso-

t

4-5
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FIG. 4. Contributions to the soft Lagrangian from one loop matching. In the full theory diagrams on the left the thick lines are m
quarks, while the thin lines are massless quarks. The matching in~a! givesas corrections to the functionsU (1), W(1), Y(1), andZ(1) in Eq.
~17!. The matching in~b! induces new operators that involve the scattering of soft gluons, ghosts, or light quarks off of a four fe
potential.
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ciated with the potential regime sinceq0;0. When the delta
function appears in a loop in the full theory~or threshold
expansion! it forces gluons in the loop to have zero energ
or in other words to become potential gluons. It is the
contributions which do not appear in the soft effective the
diagrams and must be made up by the operators show
the right-hand side of Fig. 4.

The total contribution to the anomalous dimensions fr
the soft diagrams in Fig. 3 is

gS
~T!52

b0~7CA2Cd!

8p
as

3~mn!2
8CA~CA1Cd!

3p
as

3~mn!,

gS
~1!52

b0C1

2p
as

3~mn!1
16CAC1

p
as

3~mn!, ~22!

whereb0511CA/324TFnf /3, nf is the number of massles
soft quarks, andVc(v)54pas(mv) was used. In Eq.~22!
the terms proportional tob0 can be inferred from Eq.~14!.
They simply turn theas(m)’s in the matching result into
runningas’s. At one and two loops terms proportional to th
b-function for as completely determine the soft anomalo
dimension for the Coulomb potential. However, the 1/uku po-
tentials have additional contributions because the soft
grams in Figs. 3~c!, 3~d!, and 3~e! have infrared divergences
The IR divergences from purely soft diagrams are not true
divergences in the effective theory. For instance, in gen
they do not match up with IR divergences in QCD. The tr
IR divergences are from momenta,mv2, and the desired
ultraviolet divergences are from momenta>m. Instead, the
soft IR divergences are from momenta,mv, and match up
with ultrasoft UV divergences that are from momenta>mv
to carry these UV divergences up to the hard scale. Writ
the soft IR divergence

1

e IR
5

1

eUV
2S 1

eUV
2

1

e IR
D , ~23!
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the first term contributes to the anomalous dimension in
~22!. The 1/eUV21/e IR term can be ignored since it simpl
takes the corresponding ultrasoft UV divergence up to
hard scalem.5 Thus, to computegS , all divergences from
soft loops should be treated as UV divergences. The te
not proportional tob0 in Eq. ~22! can be inferred from the
result of the ultrasoft calculation in Eq.~30! of the next sec-
tion.

Despite the fact that Eq.~22! can be inferred without a
direct calculation it is worthwhile to examine the diagrams
Fig. 3. Consider the graphs in Figs. 3~a! and 3~b! in Feynman
gauge. The subloop with soft gluons is divergent, while
remaining potential loop is convergent. There is also a se
one loop diagrams~not shown! where the soft subloop is
replaced by the one loop counterterms forV derived in Ref.
@19#. We find that these counterterm graphs exactly can
against a set of divergences in Figs. 3~a! and 3~b!. For Fig.
3~b! there is an exact cancellation, and so there is no oper
mixing betweenV(0) and V(21). However, there are diver
gences that appear in Fig. 3~a! that have no correspondin
counterterm graphs. Consider the soft gluon case~the ghost
and soft quark cases are similar!. After performing thek0

integration the loop integral for Fig. 3~a! is

E dd21q
1

~E2q2/m!~p2q!2

3F E ddt
Umn

~s!Umn~s8!

t2@~ t0!22~ t1q2p8!2#
G , ~24!

wherep and p8 are the momenta of the incoming and ou
going quarks,E5p2/m and in Eq.~24! theU’s depend onq,

5This result, that there are no true IR divergences in the soft
gime has not been proven to all orders in perturbation theory. H
ever, its is likely that all IR divergences can be attributed to ult
soft and collinear gluons in the spirit of the Coleman-Nort
theorem@28#, plus IR divergences associated with the Coulom
regime that are reproduced by iterations of the potential.
4-6
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t, p8, andt0. For the divergences of interest performing tht
integral~the soft loop! in d5422e dimensions gives a fac
tor of

~p822q2!2

m2~p82q!412ee
1¯ , ~25!

where the ellipsis denotes ordere0 terms. The remaining
loop integration is finite. For the one loop graph that cor
sponds to the soft sub-loop, the loop momentaq in Eq. ~25!
is replaced byp8, and this diagram vanishes on-shell b
energy conservation so no counterterm is generated.
forming the final integration and including the factor of
from the left-right symmetric graph gives

Fig. 3~a!5 iV c
~T!~mS!as

2~mS!
b0mS

2e

32muku ~TATB
^ T̄AT̄B!

3F1

e
12 lnS mS

2

uku2D 1¯G . ~26!

The divergence in Eq.~26! contributes to the anomalou
dimension forVk . This seems slightly unusual because
was generated by a subdivergence, whereas usually onl
overall divergence in a diagram is relevant. In this diagr
the loop integral with soft gluons generates a 1/e pole, and
the remaining potential loop integral generates the 1/uku fac-
tor. The corresponding diagrams in QCD include grap
such as the vacuum polarization of one of the gluons in
box diagram. In this full theory graph the subdivergence d
to the vacuum polarization insertion would be canceled b
counterterm. However, in the effective theory this dive
gence is instead absorbed into the coefficients of terms in
quark potential because the potential gluon components h
been integrated out. Since matching the full theory box d
gram gives a contribution to the 1/uku potential, it is not
surprising that gluon vacuum polarization in the box gra
contributes to the anomalous dimension of this potential.
alternative to the approach used to derive Eq.~26! is to use
off-shell matching and running. In this case the soft anom
lous dimension analysis will be different~since, for instance
the off-shell potential is gauge dependent!. This approach is
discussed in Appendix B, where it is shown that the fin
answer for physical observables is unchanged.

The diagrams in Figs. 3~c!, 3~d!, and 3~e! are tedious to
evaluate due to the large number of diagrams necessar
the matching calculation in Fig. 4.6 Since the graphs in Figs
3~c!, 3~d!, and 3~e! are one-loop diagrams there is no canc
lation from counterterms. In Feynman gauge

6In fact once a contribution tô has been identified it is simple
to directly evaluate the two-loop diagram obtained by combin
the steps in Fig. 4 and Fig. 3.
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Figs. 3c, d, e5 i
p2mS

2e

muku
as

2~mS!

4pe H 4

3
C1TFnf~1^ 1!

1S CATFnf2
1

3
CdTFnf D ~TA

^ T̄A!

1
37

3
CAC1~1^ 1!2S 7

4
CACd1

65

12
CA

2 D
3~TA

^ T̄A!J . ~27!

Only the terms proportional tonf in Eq. ~27! have been
checked by direct calculation. Also, in Eq.~27! we have
assumed that thê operators simply run with the stron
coupling constant,as(mn). To motivate this, recall that a
theory of propagating soft quarks and gluons has the s
singularity structure as heavy quark effective theo
~HQET!. The operators that are generated in Fig. 4 cor
spond to diagrams in HQET with insertions of¹2/(m) or a
p•A/m vertex. Since these operators do not run in HQET
operators that are constructed in Fig. 4 should also sim
run with the strong coupling constant.

B. Ultrasoft contributions

Next consider the orderas
3/v diagrams with ultrasoft glu-

ons. At one loop we have a single insertion of theV(21)

potential dressed by an ultrasoft gluon withgA0 couplings.
These diagrams are obviously zero in Coulomb gauge an
Feynman gauge it was shown in Ref.@14# that, with any
potential, the sum of this set of one loop diagrams is a
identically zero. At two loops in an arbitrary gauge there a
many possible contributions. There are diagrams with t
V(22) vertices, and an ultrasoft tadpole generated by
seagullA2 operator attached to one of the quark lines. The
graphs do not have logarithmic divergences and therefore
not contribute to the anomalous dimension. There are a
diagrams that are zero because they are odd in an ultra
momenta which we can omit. Next consider the topolog
shown in Fig. 5. Several classes of diagrams are gener
depending on the vertices used:~1! vertex 1 and 2 areV(22),
and the ultrasoft gluon couples withp•A/m; ~2! vertex 1 and
2 areV(22), the ultrasoft gluon couples withgA0, and there
are two insertions ofp•“/m on quark lines;~3! vertex 1 and
2 areV(22), the ultrasoft gluon couples withgA0, and there
is one insertion of“2/m on a quark line;~4! vertex 1 and 2
areV(22), the ultrasoft gluon couples withgA0, and there is
one insertion ofp4/m3 on a quark line~together with the
expansion of factors of the energy that appear in lower or
diagrams which should be viewed as corrections to the
fective theory states, see Refs.@7,23#!; ~5! vertex 1 isV(22),
vertex 2 isV(0) and the ultrasoft gluon couples withgA0; ~6!
vertex 1 is the order 1/v potential from the multipole expan
sion of the Coulomb potential given in Eq.~16!, vertex 2 is
V(22), and the ultrasoft gluon couples withgA0 vertices;~7!
vertex 1 is the orderv0 potential in Eq.~16!, vertex 2 is
V(22), there is one insertion ofp•“/m on a quark line, and
the ultrasoft gluon couples withgA0 vertices;~8! vertex 1
and 2 arev0 potentials from Eq.~16!, and the ultrasoft gluon

g

4-7
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FIG. 5. Orderas
3/v two loop graphs with an ultrasoft gluon and two potential insertions. The topologies shown give several di

classes of diagrams depending on the vertices used as explained in the text. The diagrams obtained by flipping the graphs left-to
up-to-down are to be understood.
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couples withgA0 vertices. Insertions of operators with“’s
only need to be considered on quark propagators where
multipole expansion was used; together with the graphs
cases~6!, ~7!, and~8! they build up the subleading terms
the multipole expansion.

The graphs in cases~1!, ~2!, and ~5! do not give any
contribution to the two loop anomalous dimension. The r
son is that all ultraviolet divergences are exactly canceled
one loop counterterm graphs~these counterterms are gene
ated by one loop graphs having one potential insert
dressed by an ultrasoft gluon, and in Feynman gauge w
calculated in Refs.@14,19#!. The graphs with the topology in
Figs. 5~c! and 5~d! are ultraviolet finite. For the remainin
diagrams we can identify the corresponding counterte
graph by simply shrinking the smallest loop containing t
ultrasoft gluon to a point. The only subtlety occurs in F
5~h! which has overlapping potential and ultrasoft loop in
grals. For heavy scalars this graph was analyzed in Ref.@10#
with the threshold expansion, while in an effective theory
heavy fermions this diagram was analyzed in Ref.@29# for
the case where the ultrasoft gluon is massive and cou
with derivatives at the vertices. Since the nature of the ov
lapping integrals does not depend on the structure of
numerator or on having a massive gluon, this analysis
not be repeated here. In the effective theory this diag
comes with the appropriate factor of 2, so that it is cance
05400
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by the two one loop counterterm graphs that correspond
either making the loop integral on the right large or maki
the loop integral on the left large. Note that for af3 relativ-
istic theory ind56 @30#, the subdivergences for this diagra
are also canceled in this way, but leave an overall div
gence. For the nonrelativistic effective theory diagram t
overall divergence is not present.

For the graphs in case~4!, the sum of insertions on quar
lines inside the loop shared by the ultrasoft gluon are fin
The graphs with insertions on quark lines outside this lo
are ultraviolet divergent, but are exactly canceled by
counterterm diagrams that correspond to shrinking the ul
soft loop to a point. Therefore, the graphs in case~4! also do
not contribute to the anomalous dimension.

In a general gauge the graphs in cases~3!, ~6!, ~7!, and~8!
will contribute to the anomalous dimension. There are a
additional graphs with the vertex in Eq.~15! which involves
the coupling of an ultrasoftA i gluon to a potential vertex
Together this set of graphs gives a gauge invariant contr
tion to the anomalous dimension, so we can simplify th
computation by choosing the most convenient gauge.
will choose Coulomb gauge since the graphs in cases~3!,
~6!, ~7!, and~8! involve ultrasoftA0 gluons and vanish in this
gauge. The result for the infinite part of the the remaini
diagrams in Coulomb gauge is
~28a!

~28b!

~28c!

~28d!
4-8
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Equations~28b! and ~28c! include the factor of four from
their left-right and up-down mirror graphs. In the graphs
Eqs.~28a!–~28d! the factor

mU
2emS

4e

euku112eE2e 5
mS

2e

uku F1

e
1 lnS mS

2

uku2D 1 lnS mU
2

E2 D G ~29!

occurs, whereE5p2/m. The first term is included in the
result displayed in Eqs.~28a!–~28d!, and the remaining
terms are not shown. Forn;v, we have mS;uku
;mv, mU;E;mv2, so the soft and ultrasoft scale facto
correctly minimize possible large logarithms in the effecti
theory.

From the sum of diagrams in Eqs.~28a!–~28d! we have
the following result for the soft and ultrasoft anomalous
mensions of the order 1/uku potentials:

gS
~T!5gU

~T!5CA~CA1Cd!
as~mn2!@V c

~T!~n!#2

12p3 ,

gS
~1!5gU

~1!52CAC1

as~mn2!@V c
~T!~n!#2

2p3 . ~30!

Recall that the soft and ultrasoft anomalous dimensions
given by differentiating with respect to lnmS and lnmU re-
spectively.

It is interesting to ask how the result in Eq.~30! would be
reproduced if terms that vanish by the equations of mot
were included in our effective Lagrangian. It is possible
include a term in our effective Lagrangian which makes
graph in Eq.~28b! give no contribution to the anomalou
dimension, but the final result for observables remains
variant. This example is discussed in Appendix B.

IV. RESULTS

In this section the NLL heavy quark 1/uku potential and
production current are discussed. After presenting the re
malization group improved results, we reexpand to comp
to the finite order results in Refs.@15# and @22#. We also
discuss the behavior of the NLL 1/uku potential and the NLL
production current as we run down fromn51 to n5v,
wherev is the Coulombic velocity.

A. The NLL 1 Õzkz potentials

The total soft and ultrasoft anomalous dimensions for
on-shell 1/uku potentials are obtained by adding Eqs.~22! and
~30!. Using the LL coefficient for the Coulomb potentia
Vc(n)54pas(mn), we find

gS
~T!52

1

8p
b0~7CA2Cd!@as~mn!#3

2
8

3p
CA~CA1Cd!@as~mn!#3

1
4

3p
CA~CA1Cd!as~mn2!@a~mn!#2, ~31!
05400
-
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-
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e

gS
~1!52

1

2p
b0C1@as~mn!#31

16

p
CAC1@as~mn!#3

2
8

p
CAC1as~mn2!@as~mn!#2,

gU
~T!5

4

3p
CA~CA1Cd!as~mn2!@as~mn!#2,

gU
~1!52

8

p
CAC1as~mn2!@as~mn!#2.

In full QCD ~taking the QCD scale parameterm5m), the
first logarithm generated by the ultrasoft anomalous dim
sion corresponds to a ln(E/m), while the first logarithm gen-
erated by the soft anomalous dimension corresponds
ln(uku/m). For the velocity renormalization group, the tot
anomalous dimension is simplygS12gU :

n
]

]n
V k

~T!~n!52
1

8p
b0~7CA2Cd!@as~mn!#3

2
8

3p
CA~CA1Cd!@as~mn!#3

1
4

p
CA~CA1Cd!as~mn2!@a~mn!#2,

~32!

n
]

]n
V k

~1!~n!5 2
1

2p
b0C1@as~mn!#3

1
16

p
CAC1@as~mn!#3

2
24

p
CAC1as~mn2!@as~mn!#2.

Note that no other 1/v potentials are generated forn,1 by
operator mixing. Integrating Eq.~32! using the one loop
b-function foras and the one loop boundary condition in E
~14! gives

V k
~T!~n!5

~7CA2Cd!

8
as

2~m!

1F ~7CA2Cd!

8
1

8CA~CA1Cd!

3b0
G~z221!as

2~m!

1
8CA~CA1Cd!

b0
@z2122 ln~w!#as

2~m!,

~33!

V k
~1!~n!5

C1

2
as

2~m!1FC1

2
2

16CAC1

b0
G~z221!as

2~m!

2
48CAC1

b0
as

2~m!@z2122 ln~w!#,

where
4-9
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z5
as~mn!

as~m!
, w5

as~mn2!

as~mn!
5

1

22z
. ~34!

Projecting onto the color singlet channel,V (s)5V (1)

2CFV (T), and settingCd58CF23CA and C15CACF/2
2CF

2 gives

V k
~s!~n!5S CF

2

2
2CFCADas

2~m!

1FCF
2

2
2CFCA2

8CACF~CA12CF!

3b0
G

3~z221!as
2~m!2

8CACF~CA12CF!

b0

3@z2122 ln~w!#as
2~m!. ~35!

The projection onto the color octet channel isV k
(0)5V k

(1)

1(CA/22CF)V k
(T) .

Logarithmic corrections to the color singletV(21) poten-
tial were also considered by Brambillaet al. @15# using
pNRQCD, but were not resummed. Brambillaet al. have

V k
~s!~n!52CFCAas

2~r !

2
4CACF~CA12CF!

3p
as~m!as~r !2 ln~mr !.

~36!

To compare this expression to ours:a(r )→a(mn), r
→1/(mn) andm5mU5mn2 sincer corresponds to the sof
scale andm corresponds to the ultrasoft scale. Expanding
~36! in as(m) gives

V k
~s!~n!52CFCAas

2~m!1
b0CFCA

p
as

3~m!ln@1/~mr!#

2
4CACF~CA12CF!

3p
as

3~m!ln~mr !1¯ . ~37!

To compare this to our result we expand the resummed lo
rithms in Eq.~35!:

V k
~s!~n!5S CF

2

2
2CFCADas

2~m!1
b0CFCA

p
as

3~m!ln~n!

2
b0CF

2

2p
as

2~m!ln~n!

2
4CACF~CA12CF!

3p
as~m!3 ln~n!1¯ . ~38!

In Eq. ~38!, the first and second ln(n) terms are entirely from
the soft anomalous dimension in Eq.~31!, while the third
ln(n) term is from a combination of the ultrasoft and so
anomalous dimensions. The first ln(n) term in Eq. ~38!
05400
.

a-

agrees with the ln@1/(mr)#5 ln(n) term in Eq.~37!, and the
third ln(n) term in Eq. ~38! agrees with the ln(mr)5ln(n)
term in Eq.~37!.

The second term in Eq.~38! does not appear in Brambilla
et al.’s expression in Eq.~37!. This is because it depends o
whether an on-shell or off-shell potential is used for t
matching and running.7 We have used an on-shell potentia
while Ref.@15# uses off-shell Coulomb gauge which includ
a V D2

(T)524pas(r ) potential as defined in Eq.~B1! of Ap-
pendix B. The second logarithm in Eq.~38! should appear
from the coefficient of this potential. Transforming Bram
billa et al.’s V D2

(T) potential to aV k
(s) potential using Eq.~B4!

gives

V k
~s!~n!5

CF
2

2
as~r !2

5
CF

2

2
as

2~m!2
b0CF

2

2p
as

3~m!ln@1/~mr!#1¯ .

~39!

The term with a ln@1/(mr)#5 ln(n) agrees with the secon
ln(n) term in Eq.~38!. The sum of terms without logarithm
in Eqs.~37! and~39! also agrees with Eq.~38!. Note that the
next term in the series in Eq.~38! does not give agreemen
with Eqs.~37! and~39! since Brambillaet al.did not attempt
to systematically sum all the logarithms.

7The issue of on-shell versus off-shell potential was discusse
Ref. @23#, and in the context of the leading log summation is d
cussed further in Appendix B.

FIG. 6. Values for the NLL runningV(21) potential for top
quarks andnf55 massless flavors. The solid and dashed lines
the color singlet and octet coefficients for thep2/(muku) potential.
The solid vertical line marks the Coulombic regime whe
as(mn)5n.
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To see the effect of the running on the value of theV(21)

potential, consider the case of top quark production n
threshold. Usingas(mt)50.108 and Eq.~35!, the one loop
matching value is

V k
~s!~1!520.0362. ~40!

For a Coulombic system we determine the velocityv by
solving as(mv)5v. Using mt5175 GeV and the one loop
running of as(m) with nf55 gives v50.145. The NLL
color singlet and octet coefficients for the 1/uku potential are
plotted in Fig. 6. Atn5v the running coupling is

V k
~s!~v !520.0027, ~41!

which is a substantial change from Eq.~40!. In comparison,
the terms shown in Eq.~38! where the combinationas ln(v)
is treated perturbatively giveV k

(s)(v)520.0313. Thus, the
summation of logarithms for the 1/uku potential is quite im-
portant; it decreases the coefficient by an order of magnitu
Using the unexpanded results in Eqs.~36! and ~39! gives
V k

(s)(v)50.0201, so our resummed result is also quite diff
ent from the fixed order result in Ref.@15#.

B. The NLL t t̄ production current

In terms of the running color singlet potentials the anom
lous dimension for the production current in Eq.~4! is @14#
05400
ar

e.

-

-

gc1~n!5n
]

]n
ln@c1~n!#

52
V c

~s!~n!

16p2 S V c
~s!~n!

4
1V 2

~s!~n!

1V r
~s!~n!1S2V s

~s!~n! D 1
V k

~s!~n!

2
. ~42!

For the vector production current in Eq.~4! only spin-1 states
are produced, and we can setS25S(S11)52. However, our
analysis also applies to the scalar production current

c~n!(
p

cp
†x2p* , ~43!

which, for example, contributes to the processgg→t t̄ @31#.
Therefore, we will keep the factors ofS2 explicit in our
results. The boundary condition is given by the match
condition atn51 (m5m) which is known to two loops@21#.
For the NLL approximation only the one loop matching co
dition should be used. For the vector current

c1~1!512
2CFas~m!

p
. ~44!

Integrating Eq.~42! with the running potentials in Appendix
A, Eq. ~A1! and in Eq.~33! we find
lnFc1~n!

c1~1!G5a1pas~m!S 1

z
21D1a2pas~m!~12z!1a3pas~m!ln~z!1a4pas~m!@12z1213CA /~6b0!#

1a5pas~m!@12z122CA /b0#1a6pas~m!Fp2

12
2

1

2
ln2~2!2 ln~w!lnS 2w

2w21D2Li2S 1

2wD G
1a7pas~m!F w

2w21
ln~w!2

1

2
ln~2w21!G , ~45!

wherez5as(mn)/as(m) andw5as(mn2)/as(mn). The coefficientsai in Eq. ~45! are

a15
32CACF~CA12CF!

3b0
2 ,

a25
2CF@3b0~26CA

2119CACF232CF
2 !1CA~208CA

21597CACF1716CF
2 !#

78b0
2CA

,

a35
2CF

3b0
2~6b0213CA!~b022CA!

$2CF
2~66b02179CA!~b022CA!

2CACF@6~4923S2!b0
22~1126239S2!b0CA11067CA

2 #224CA
2~6b0213CA!~b022CA!%,

a45
224CF

2~3b0211CA!~5CA18CF!

13CA~6b0213CA!2 , a55
CF

2@~4S223!b01~15214S2!CA#

6~b022CA!2 ,

a65
216CF

2~CA12CF!

3b0
2 , a75

16CACF~CA12CF!

b0
2 . ~46!
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A further check on our result can be made by compar
it to the as

3 ln2(as) corrections calculated by Kniehl and P

nin in Ref. @22#. Near threshold thet t̄ cross section depend
on the product@32#

s}uc1u2GC~0,0,E!ucn
C~0!u2, ~47!

wherecC is the leading order Coulomb wave function, a
GC is the Coulomb Green’s function. In the approach used
Ref. @22#, GC embodies corrections to the wave function
the origin, uc(0)u2[ucn

C(0)u2@11Dc2(0)#, and includes
the large logarithms. They calculate theas

2 ln(as) and
as

3 ln2(as) terms and find

Dc2~0!52CFas
2 ln~as!H F22

2

3
S2GCF1CAJ

2
CF

p
as

3 ln2~as!H 3

2
CF

21F41

12
2

7

12
S2GCFCA

1
2

3
CA

2 J , ~48!

for the terms not involvingb0 . In our approach the large
logarithms in the cross section all appear in the running
efficient c1(n), so we expect that the logarithms of Knie
and Penin will be reproduced by

Dc2~0!5Uc1~n!

c1~1!
U2

2152 ln~as!gc1
~1!1 ln2~as!$gc1

8 ~1!

12@gc1
~1!#2%1¯ , ~49!

FIG. 7. Values for thet t̄ production current couplingc1(n) for
nf55 massless flavors. At LO and LLc151. The large and smal
dashed lines show the value ofc1 at NLO and NNLO@21# respec-
tively. The solid line shows the running value at NLL order given
Eq. ~45!. The dotted line shows the result of promoting the coupl
in the NLO result to a running coupling~the approximation used in
Ref. @33#!. The solid vertical line marks the Coulombic regim
whereas(mn)5n.
05400
g

n
t

-

where we have expanded to second order in ln(n)5ln(as).
The @gc1

(1)#2 term does not contribute at orderas
3 ln2 as,

and can be dropped. The remaining terms in Eq.~49! give

Dc2~0!52CFas
2 ln~as!H F22

2

3
S2GCF1CAJ

2
CF

p
as

3 ln2~as!H 3

2
CF

21F41

12
2

7

12
S2GCFCA

1
2

3
CA

22
b0

2 F S 22
2

3
S2DCF1CAG J , ~50!

which agrees exactly with the result from Ref.@22# in Eq.
~48! after settingb050. Thus, we have shown that the log
rithms of Kniehl and Penin can indeed be associated w
renormalization group logarithms. Expanding Eq.~45! to
higher orders gives theas

4 ln3(as),as
5 ln4(as), etc. terms.

For QCD withnf55, the coefficients in Eq.~46! are

a154.113, a2522.173, a354.30820.417S2,

a455.731,

a552.34721.209S2, a6520.914, a756.170.
~51!

The running coefficientc1(n) is shown in Fig. 7 forS252.
For comparison we have also shown by a dotted line
value of the running coefficient obtained in Ref.@33# by an
approach based on simply takingas→as(mn) to approxi-
mate the NLL value for the coupling. This approximatio
misses many of theas ln(v) terms, and does not provide
good estimate of the NLL result, as seen in Fig. 7. Some
the more important logarithms in our NLL result include th
large ln(mn2 /m) terms that enter through the mixing gene
ated by ultrasoft gluon diagrams in the potential.

We have also shown the NNLO value forc1 in Fig. 7. As
pointed out in Ref.@21# the NNLO value ofc1(1) is fairly
large. From Fig. 7 we see that summing the logarithms
duced the size of the NLO matching correction by a factor
two. It would be interesting to see if the running induced
NNLL continues to improve the convergence of the expa
sion. A consistent calculation at this order requires the thr
loop anomalous dimension ofc1 , as well as one loop run
ning of the v2 coefficientsc2 and c3 . This computation
appears quite involved since running of the current at t
order will likely depend on the running of higher order term
in the potential.

Several groups have analyzed thet t̄ cross section predic
tions at NNLO using effective field theory techniques@33–
37,31#. It should be straightforward to incorporate the reno
malization group improved current and potentials into th
analysis by simply choosing a value ofn appropriate to the
threshold region. The value ofn only needs to be of order th
velocities in this region for the large logarithms to be min
4-12
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mized. Additional logarithms that appear in evaluating m
trix elements with the potential will not involve large ratio
of scales since they are of the form ln(E/mU) and ln(uku/mS)
where mU5mn2 and mS5mn. In a more precise analysi
one might wish to useas(mn)CF5n to determine the value
n to use.
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APPENDIX A: LL VALUES FOR THE ORDER vÀ2 AND v0

POTENTIALS

The leading log values for the coefficients of theV(22)

andV(0) potentials are@19#
V c
~T!~n!54pas~m!z,

V c
~1!~n!50,

V r
~T!~n!54pas~m!z2

32pCA

3b0
as~m!@12z#2

64pCA

3b0
as~m!ln~w!,

V 2
~T!~n!5

p@CA~352CF191Cd2144CA!23b0~33CA132CF!#

39b0CA
as~m!@z21#

1
8p~3b0211CA!~5CA18CF!as~m!

13CA~6b0213CA!
@z„1213CA /~6b0!…21#

1
p~b025CA!as~m!

~b022CA!
@z~122CA /b0!21#2

8p~4CF1Cd23CA!

3b0
as~m!ln~w!,

V 2
~1!~n!5

28pC1

3b0
as~m!~12z!1

32pC1

3b0
as~m!ln~w!,

V s
~T!~n!5

2pas~m!

~2CA2b0! FCA1
1

3
~2b027CA!z~122CA /b0!G1

1

Nc
pas~m!,

V s
~1!~n!5

~Nc
221!

2Nc
2 pas~m!,

V t
~T!~n!52

pas~m!

3
z~122CA /b0!,

V L
~T!~n!52pas~m!@z24z~12CA /b0!#, ~A1!
oft
s

wherez5as(mn)/a(m),w5as(mn2)/a(mn), and we have
included theNc dependent terms that come from matchi
the tree level annihilation diagrams. In the color sing
channel,Vt(n) andVL(n) were first calculated in Ref.@18#
and agree with Eq.~A1!.
t

APPENDIX B: POTENTIAL OPERATORS THAT VANISH
ON-SHELL

It is interesting to consider how the soft and ultras
anomalous dimensions forV(21) are affected when operator
4-13
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that vanish on-shell are included in the potential Lagrang
Lp . These new operators can have nontrivial anomalous
mensions. In this Appendix we consider two examples
how including these operators affects intermediate resu
but in the end yield the same result as the on-shell poten
for observables. Equivalently, it is shown that running t
Lagrangian with the new operators fromn51 to n5v and
then removing them by field redefinitions or operator iden
ties reproduces the on-shell running value ofV(21).

Consider the scattering Q(p1
0,p)1Q̄(p2

0,2p)

→Q(p3
0,p8)1Q̄(p4

0,2p8). As our first example, conside
including in thev0 potential in Eq.~10! terms of the form:
o
-

n
ge

i-

on
re

05400
n,
i-
f
s,
al

-

V~0!5@V D1
~T!~TA

^ T̄A!1V D1
~1!~1^ 1!#

~p3
02p1

0!2

k4

1@V D2
~T!~TA

^ T̄A!1V D2
~1!~1^ 1!#

~p822p2!2

4m2k4 .

~B1!

We will refer to this potential as an off-shell potential, sin
on-shell it vanishes by energy conservation, wherep3

0

5p1
0,p825p2. DefineVD

(T,1)5VD1
(T,1)1VD2

(T,1) . In Ref. @23# it
was shown that there is an operator identity whereby
time ordered product of aVc and aVD potential givesVk
potentials:
~B2!
r
ors,
the

-
ous
s of

ich

l-

the
l
,

where the ellipses denote additional terms which vanish
shell. The identity in Eq.~B2! allows us to remove the po
tential in Eq.~B1! at an arbitrary velocity scalen in favor of
a purely on-shell potential. TransformingV D

(T,1)(n)→0 gives

V k
~T!~n!→V k

~T!~n!1
1

32p2 V c
~T!~n!

3F2V D
~1!~n!1

1

4
~CA1Cd!V D

~T!~n!G ,
V k

~1!~n!→V k
~1!~n!2

1

32p2 V c
~T!~n!C1V D

~T!~n!.

~B3!

In a situation whereV D
(1)(n)50 transformingV D

(T)(n)→0
induces a color singlet 1/uku potential of the form

V k
~s!~n!→V k

~s!~n!2
CF

2

32p2 V c
~T!~n!V D

~T!~n!. ~B4!

~Transformations between order 1/v and v0 potentials were
also considered in Refs.@32,35,38#.!

To make the implications of Eq.~B3! more clear, we will
consider an example and show that including theVD

(T,1) po-
tential will not effect predictions for observables when ru
ning belowm. Consider matching offshell in Feynman gau
where the matching coefficients atn51 are VD

(T)

54pas(m) and VD
(1)50, and the one loop anomalous d

mensions for the potentials in Eq.~B1! are @23#

n
]

]n
V D

~T!522b0as~mn!2,

n
]

]n
V D

~1!50. ~B5!

This anomalous dimension has contributions from the
loop graphs with two soft gluons, ghosts or quarks whe
n-

-

e
:

the two factors of (p822p2) are from the soft vertices, o
these factors are from two insertions on the soft propagat
or where one factor is from the propagator and one from
vertex ~for the ghost loop!. The solution of Eq.~B5! is
VD

(T)(n)54pas(mn) andVD
(1)(n)50. The one loop counter

term which generates this running affects our soft anomal
dimension computation since now there are counterterm
the form

~p822p2!2

m2~p82p!4e
. ~B6!

These counterterms give rise to one loop diagrams wh
exactly cancel the divergences in Eq.~26! for the two loop
graph in Fig. 3~a!. Recalling that the one loop matching va
ues for the 1/uku potentials are also different@23#, we find
that the runningV k

(T,1)(n) coefficients in Eq.~33! become

V k
~T!~n!5

~3CA2Cd!

4
as

2~m!1F ~3CA2Cd!

4

1
8CA~CA1Cd!

3b0
G~z221!as

2~m!

1
8CA~CA1Cd!

b0
@z2122 ln~w!#as

2~m!,

~B7!

V k
~1!~n!5C1as

2~m!1FC12
16CAC1

b0
G~z221!as

2~m!

2
48CAC1

b0
as

2~m!@z2122 ln~w!#.

This Feynman gauge off-shell potential is consistent with
transformation in Eq.~B3! which transforms the off-shel
case,VD

(T)54pas(mn) and Eq.~B7!, into the on-shell case
4-14
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VD
(T,1)50 and Eq.~33!. The comparison in Sec. IV A with

Ref. @15# shows that our on-shell analysis is also consist
with an off-shell Coulomb gauge potential.

With the off-shell potential in Eq.~B1! there are two new
graphs which contribute to the anomalous dimension for
production current:

~B8!

and the anomalous dimension is therefore

n
]

]n
ln@c1~n!#5

2V c
~s!~n!

16p2 S V c
~s!~n!

4
1V 2

~s!~n!1V r
~s!~n!

1S2V s
~s!~n! D 1

V k
~s!~n!

2
2

V c
~s!V D

~s!

64p2 ,

~B9!

where V D
(s)(n)5V D

(1)(n)2CFV D
(T)(n). Since the last two

terms in Eq.~B9! are invariant under the transformation
Eq. ~B4! the off-shell potential gives the same prediction f
the running of the production current. In calculating obse
ables the operator identity in Eq.~B2! guarantees that th
time ordered product of the runningV D

(T) andV c
(T) produces

the same effect as the soft contribution to the running of
on-shellV k

(T) in Eq. ~26!.
As our second example, consider including an opera

which would vanish by the lowest order free equations
motion:

Leom52(
p,p8

VF

~p82p!2 Fcp8
† TAS i ]02

p2

2mDcpGx2p8
† T̄Ax2p

1x↔c. ~B10!

The only feature of the operator in Eq.~B10! that is different
from typical operators that vanish by the equations of mot
~for example, in HQET@27#! is its nonlocal nature relative to
the scalesp;p8;mv. At one loop there are ultrasoft gluo
graphs which mix into the operator in Eq.~B10!, for instance
from the diagrams

~B11!

In the first graph the vertex is the first term in Eq.~16! and
05400
t

e

-

e

r
f

n

the ultrasoft gluon isA, while in the second diagram th
cross is an insertion of the ultrasoft¹2/m operator in Eq.~7!
and the gluon is anA0. In Feynman gauge both graphs pr
duce a divergence of the form

~E2p2/m!

e~p82p!2 , ~B12!

which vanishes by the equations of motion, but off-sh
renormalizes the coefficient of the operator in Eq.~B10!. To
see how this effects the calculation of our ultrasoft anom
lous dimension, consider Coulomb gauge, where only
~B11a! is nonzero. In this case there is a one loop coun
term diagram which exactly cancels the divergence in
~28b!. After running down to the low scale the value o
V k

(T,1)(n) is different, but our potential also includes the o
erator in Eq.~B10! with coefficient VF(n). If we wish to
remove the operator in Eq.~B10! we can do so with a field
redefinition

cp
†→cp

†1(
p9

VF

~p82p!2 cp9
† TAx2p9

† T̄Ax2p , ~B13!

which induces a term from thecp
†@ i ]02p2/(2m)#cp La-

grangian which cancels Eq.~B10!. This field redefinition
also gives other new contributions. For us the import
point is that the Coulomb potential induces a six-quark o
erator of the form

2(
p,p8

(
p9

cp9
† x2p9

† x2p8cpx2p8
† x2p

VFVc

~p92p8!2~p82p!2 .

~B14!

~The contraction of color indices and factors ofTA have been
suppressed.! Usually a six quark operator could not possib
effect the running of a four quark operator such as the 1uku
potential. However, because of the momentum depende
in the denominator of Eq.~B14! it induces a nonzero tadpol
diagram where the fieldsx2p8 andx2p8

† are contracted. This
tadpole graph produces a 1/uku and makes up for the runnin
in Vk that was removed when the contribution from Eq.~28b!
was canceled by aVF counterterm.
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